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Preface 


The theory of Lebesgue integration was developed by H.-L. Lebesgue in his doctoral dissertation 
published in 1902 in the italian Journal Annali di Matematica Pura ed Applicata (see [I7]). The 
theory of Lebesgue integration was soon fully appreciated by the leading mathematicians in Italy, 
also thanks to the activity of Vitali, and important results soon proved: Fubini Theorem was 
proved in 1907 (in [11]}). Leonida Tonelli first used Lebesgue integral in 1908, in [37], while 
studying rectifiable curveq}] 

As soon as the importance of Lebesgue integration was recognized, different approaches 
were proposed both to put the theory in a more general framework, as in [5], and also in order to 
speed up the presentation of the crucial ideas. In fact, for didactic reasons, several authors tried to 
bypass or reduce to a minimum the preliminary study of the measure of sets and to lead students 
to appreciate the key ideas of Lebesgue integration in the shortest possible time. Among these 
approaches, the one which is likely the most well known is due to F. Riesz. This approach is 
the one used in and recently simplified in [16]. Instead, the Daniell’s approach, introduced 
in [5], intends to be more general and abstract. 

Leonida Tonelli devised?| an efficient approach to Lebesgue integration, based on the notion 
of “quasicontinuous functions”, which requires only a basic knowledge of calculus together with 
a certain level of mathematical ingenuity. 

Quasicontinuous functions are precisely the functions which are measurable according to 
Lebesgue, but defined in terms of elementary continuity properties. 

It seems to me that this approach proposed by Tonelli, and which is virtually unknown to 
young people, has its merits since most of the methods used to construct the Lebesgue integral 
hide the real reasons for the introduction of a new kind of integral. We cite from p. 29]: “The 
reason for such a change [the shift from Riemann to Lebesgue integration] and, with them, the 
usefulness and beauty of the Lebesgue theory, will be seen in the course of the following chapters; 
there is no point in speaking of them in advance". Instead, the reason is clearly displayed in the 
Tonelli approach, since it constitutes the foundation over which the integral is constructed. 

Lebesgue integral is introduced by exploiting the method of Tonelli in (for functions 
of one variable. [4! Chap. VI] concisely defines the integral for functions of two variables and 
proves Fubini theorem), and in part in the book [29]. As stated by the authors, the first version 
of this book was prepeared for the lessons given by Picone when he gave the course of Tonelli, 
after Tonelli’s death. Few books, as [15] [32], present a sketch of Tonelli ideas. 

For this reason we give here a quite complete account of Tonelli method. 


'the study of the length of a curve and of the area of a surface using Lebesgue integration 
was initiated by Lebesgue himself in his thesis. 

2S. Cinquini, one of Tonelli’s students, asserts that this approach was devised to quickly 
introduce the Lebesgue integral in a talk given at a conference (see [3]). 
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We divide the presentation in three parts: in the first part we study integration in the simpler 
case of the functions of one variable. The fundamental notion that the student has to master is that 
of “quasicontinuous function’. Once this is done, Lebesgue integral appears as a straightforward 
extension of Riemann integral thanks to an “exchange of limits and integrals” which is precisely 
the goal for which the new integral has been introduced}| 

This chapter ends with the statement of the theorems of the exchange of the limits and the 
integral, with a sketch of a proof. The details of the proofs are in Chap. 2] 

The first chapter can be used as an efficient introduction to the Lebesgue integration even 
in courses for mathematically motivated engineering students, for example as a preliminary to a 
basic course on Hilbert spaces. 

The second part extends the arguments of the first part to functions of several variables (in the 
Chapters[3]and 4). Chap. [jis devoted to Fubini Theorem on the reduction of multiple integrals. 

For the sake of completeness, the third part, containing the sole Chap. [6] shows the well 
known fact that once the integral has been defined then Lebesgue and Borel measurable sets can 
be defined and the properties of the measure can be obtained from those of the integral. 

Finally we repeat that the usual presentation of Lebesgue integration proceeds from the study 
of the measure and measurable sets to the theory of measurable functions and then to the theory 
of the integral. This way the students have to study first abstract measure theory which has its 
independent importance, for example for the application to probability. Instead, in the Tonelli 
approacl{#|measure theory is derived as a byproduct of the study of the integral and the abstract 
measure theory remains in the shadow. This fact, which can be seen as an important limitation 
now, was instead the goal of Tonelli and others. For example, Tonelli states in the introduction 
of his 1924 paper [38]: “this paper is an attempt to put on a simple, let us say elementary, and so 
more acceptable, basis the theory of Lebesgue integration by removing measure theory at all’. 
Similar approaches to a direct introduction of the integrals done in the same period state explicitly 
the same goals. Beppo Levi introduced his own approach to Lebesgue integration in the same 
year 1924 and in the same journal as Tonelli did and for similar reasons (see [23]): “It is a fact 
that in front of the importance of the new theory [i.e. the Lebesgue theory] there are obvious 
didactic and logical difficulties. . . due also to the need of a preliminary study of the theory of the 
measure of sets”. The introduction of F. Riesz and B. Sz-Nagy book states “The two parts 
[of the book] form an organic unity centered about the concept of linear operator. This concept is 
reflected in the method by which we have constructed the Lebesgue integral; this method, which 
seems to us to be simpler and clearer then that based on the theory of measure. ..” 

Finally we mention that Picone too proposed his approach to the Lebesgue integration for 
functions of Baire classes (see for example [28]), by a repeated use of limiting processes. 

We conclude this introduction with a warning. The development of Lebesgue integration 
was stimulated by two main difficulties encountered with Riemann integration: 


1. the fact that the pointwise limit of a sequence of continuous functions may not be Riemann 
integrable, a fact soon realized after that a rigorous definition of the integral (and also 
of the concept of function) had been given. A consequence is that limits and Riemann 
integrals cannot be exchanged in the generality needed to study for example Fourier series 
(and Riemann integral cannot be used to define Hilbert spaces). 


3in a sense, Tonelli construction can be see as an extension of Riemann integral “via comple- 
tion of a space” but this abstract approach attach a number to equivalent classes of function while 
the concrete approach of Tonelli gives precisely the class of the functions which are Lebesgue 
integrable and their Lebesgue integral. 

4as in the approaches proposed by B. Levi, M. Picone and F. Riesz. 
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2. the existence of derivative functions which are not Riemann integrable, a fact discovered 
by V. Volterra in 1881, see [46]. 


In our exposition we concentrate on the first problem, the problem of exchanging limits and 
integrals. The second problem, of recovering a function from its derivative, will not be considered 
here. Readers interested in the relation of the integral and the derivative can see for example 
or, for an approach based on Daniell ideas, [34]. 

People interested in the origin and the history of the Lebesgue integration can look at the 
book and to the expositions made by Lebesgue himself. 
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Part I 


Functions of One Variable 


Chapter 1 


The Lebesgue Integral for 
Functions of One Variable 


This chapter is intended for general students af science and engineering with possibly just calculus 
courses but a sufficient motivation. In particular, we assume familiarity with Riemann integration 
whose key points are recalled in the Appendix[I.A. 1] 

This chapter can be used as the introductory chapter of a course on Hilbert spaces. For this 
reason first we describe the limitations of the Riemann integral and then we use Tonelli method 
as an efficient tool to introduce the key ideas of the Lebesgue integration. 

At the end of this chapter we state and shortly illustrate the theorems on the exchange of 
limits and integrals. The details of the proofs are in Chap. [2] 

Our goal here is the presentation of key ideas and for this reason we confine ourselves to 
consider functions of one variable. The general case of functions of several variables is in Part{II| 


1.1 The Limitations of the Riemann Integral 


When presenting the definition of the Riemann integral, usually instructors show the existence 
of functions which are not Riemann integrable. The standard example is the DirRICLET FUNCTION 
on [0, 1]: 
_f 1 if xeEQ 
ac) =| 4 if xER\Q. el) 


It is easily seen that this function is not Riemann integrable and it is often asserted that examples 
like this one prompt for the definition of a more general kind of integral. 

We may ask ourselves whether there is any reason to integrate such kind of pathological 
functions. At first glance it seems that there is no reason at all. But, let us look at the problem 
from a different point of view. 

Even the first elements of calculus make an essential use of the notion of limits and continuity. 
A function f is continuous at x9 € dom f when for every sequence {x,} with x, € dom f and 
such that x,, — x9 we have 


lim f(x,) = f(xo) = f dimx,) - 


Continuity is the property that the limit and the function can be exchanged. 


7 


8 CHAPTER |. LEBESGUE INTEGRAL OF FUNCTIONS ON 8 


Now we observe that Riemann integral is a function which associates a number to a set of 
functions. So, we introduce: 


Definition 1 1. Let D be a set of functions. We call FUNCTIONAL a transformation which 
associates a number to any element of D. 


2. Let it be possible to define the limit of sequences in D and let F be a functional defined on 
D. We say that F is continuous at fo € D when the following holds for every sequence 


{fr} in D, fn fo: 
lim F (fn) =F (lim fh) . 


Riemann integral is a functional on D = C([h, k]) (for every bounded interval [h, k]) and 
it is possible to define the limits of sequences in C([h,k]) as follows: THE SEQUENCE { fy} 
CONVERGES TO f UNIFORMLY ON [/, k] when the following holds: 

Ve >0AN, suchthatn>N, = -é€< fi(x)—-f(x)<e Vxe [Ak]. (1.2) 
Le. we require that for n > Nz we have 
~e< inf (fr—f) < sup(fa-f) <e. 
[h,k] [h,k] 
So we have the following result: 


Theorem 2 The sequence { f,} is uniformly convergent to f if and only if we have 


lim inf (f,-f)=0 and lim sup(f,-—f) =0. 
[h,k] ITO hk] 


n—-+0o 


From a graphical point of view, uni- 
form convergence is the property that 
for large n the graphs of f;, stay ina 
“tube” of width ¢ around that of f, 
as in the figure on the right. 


It turns out that Riemann integral as a functional on C([h, k]) is continuous: 


Theorem 3 Let [h, k] be a bounded interval and let { f,,} be a uniformly convergence sequence 
in C([h, k]). Then: 


lim [* fil) ax= f° (sim, at) dx. (1.3) 


n—+co 


Now we observe: 
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¢ Riemann integral is defined on a set of functions which is larger then C([h,k]). In 
particular, any piecewise continuous function is Riemann integrable. 


¢ Uniform convergence is a very strong property. Much too strong for most of the applica- 
tions of mathematics. As an example, let us consider the following important equality: 


: 1. 
im ») ; sin kx 


= x(x) (1.4) 


where y(x) is the extension of period 27 of the odd extension to (—7, 0) of 


[(7-—x)/2] O<x<a 


(see the graph on the right). The sequence of y 
the functions i 


ay ll 
fa(x) = » z sinks 
k=1 


is a sequence of continuous functions while vy 
has jumps. 


It is known that the uniform limit of a sequence of continuous functions is continuous and so 
the limit in (1.4) cannot be uniform in an interval which contains jumps of y. On these intervals 
Theorem|3|cannot be applied. 

The equality is a simple example of a Fourier series and it is seen in every elementary 
introduction to the Fourier series that a key point in the justification of the equality (1.4) is the 
exchange of the series (i.e. of a limit) with suitable integrals. So, in order to wae ha we 
must use an analogous of Theorem [3] when the limit exists but the convergence is not uniform. 
Unfortunately, the following example shows that if the convergence is not uniform in general the 
limit and the Riemann integral cannot be exchanged. 


Example 4 The sole condition that each f,, is Riemann integrable and that {f, (x)} converges 
to f(x) for every x € [h, k] does not imply the equality {1-3}. This can be seen as follows. We 
recall the following property: a bounded function which is equal 0 a part finitely many points is 
Riemann integrable and its integral is 0. 

It is known that the rationals in [0, 1] constitute a numerable set, i.e. they can be arranged to 
be the image of a sequence {q,}. 

For every n we define 


if x=q, withk <n 


otherwise . (1.5) 


fn(x) = { : 
Each function f,, differs from 0 in n points and so f,, is integrable with integral equal 0. The 
equality does not hold since for every x we have f,(x) — d(x), the Dirichlet function, and 
d(x) is not Riemann integrable. 
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This example however is not entirely satisfactory since we can wonder whether there is any 
concrete interest in the functions /,, just constructed. So, let us see a second example. 


Example 5 We consider functions defined on [0, 1] and a limiting process in two steps. Let us 
fix a natural number m and let us consider the sequence of the continuous functions 


nt» [cos(m!)ax]?” . 


Then we define the function 


bm(x) = lim [cos(m!)zx]7” . 


If x ¢ Q then | cos(m!)zx| < 1 and so 


x€Q = @m(x) =0. 


Let instead x € Q, x = p/q with p < q. We have 


! 
cos(m!)mx = cos pi'a=+1 if q divides pm! 


|cos(m!)ax| <1 otherwise. 


For a fixed value of m, the denominator q divides pm! only for finitely rational number p/q € 
[0, 1] and so 


¢ém(x) = 1 for finitely many values of x € [0, 1]; otherwise ¢,,(x) =0. 


Hence ¢,, is Riemann integrable and its integral is equal zero. 
Now we consider 


lim (x). 


m—+oeo0 


If x ¢ Q then the limit is zero since ¢,,(x) = 0 for every m. 

Let x = p/q. When m is sufficient large, say m > 2q, the number (m!) p/q is an even number 
and ¢$,,(x) = 1. 

It follows that lim,,40 @m(p/q) = 1. Hence 


slim, bm (x) = d(a) 


a non integrable function. 

In conclusion, we are in the same situation as in the Example [4} limit and integral cannot 
be exchanged. But now we have an example which is significant since it shows that the Dirichlet 
function can be obtained by computing limits of cosine functions; and sequences of sine and 
cosine functions are the basis of the Fourier analysis, a crucial tool in every application of 
mathematics. 4 


In fact, from the historical point of view it was Fourier analysis that stimulated the introduction 
of several variants of the Riemann integral in the course of the XIX century. This process then 
culminated in 1902 with the introduction of the Lebesgue integral in [17]. 
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Remark 6 We repeat again: the desired equality is the reason for the construction of an 
integral which can integrate such patological functions like the Dirichlet function, and not the 
interest of such functions by themselves. 

Note that Example [5] contains also a second piece of information: if equality has to 
hold then the Dirichlet function not only has to be integrable but its integral has to be zero. & 


Now we sum up our rather optimistic dream: we would like a new kind of integral for which 
the following properties hold: 


1. if f(x) = c on [A, k] then it is integrable and its integral is c(k — h) i.e. the area of the 
rectangle identified by its graph; 


2. additivity of the integral: if f(x) is defined on A U B and it is integrable both on A and 
on B then it is integrable on its domain A U B. Moreover we want: 


ANB=0 => [terar= f roy are f foyer. 


In concrete terms, if A = [h, #) and B = [h, k] we want 


[reoaee [rerace [roo ae 


3. let {fn} be a sequence of integrable functions on a set A and let lim f,(x) = f(x) for 
every x € A. Then we wish that f be integrable too and 


Nn—+00 


tim J inl) ax = [ (jim, fal) dx. (1.6) 


The following examples show that these requirements are contradictory and cannot be 
achieved. 


Example 7 Let f,, be defined on [0, 1] as follows: 
O if O<x<I/n 
frlx) =34 n if I/n<x<2/n 
O if 2/n<x<l. 
It is clear that 
lim f, (x) =0 = f(x) per ogni x € [0,1]. 


The first and second requirements show that the functions f,, and f are integrable and give the 
value of the integrals: 


1 1 
o- [ f(x) dx # lim 7 Fn(x) dx =1. 
0 n— +00 0 
————— 
=1 for every n 


A similar example can be given for integrals on unbounded domains. Let the domain be 
[0, +00). In this case we define 


0) if x<n 
fn(x) = 4 If/n if n<x<2n 
0 if x>2n. 
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In this example limy—400 f(x) = 0, even uniformly on the unbounded set [0, +00), but every fy, 
has the integral equal to 1. I 


So, we reduce our goals and we require the properties listed in Table[I.1] It turns out that an 
integral with these properties exists, it is the Lebesgue integral, and it has a further bonus: the 
heavy boundedness assumption in the requirement|4]can be weakened. 


1.2 Subsets of the Real Line and Continuity 


The following definition has a crucial role: 


Definition 8 A MULTUNTERVAL A is a finite or numerable sequence of open intervals: A = 
{(Gn,bn)}. The intervals (an,by) are the COMPONENT INTERVALS of the multiinterval. We 


associate to A: 
the set In = U(an, bn) 
the number L(A) = ¥)(bn — an) € (0, +00] . 


The multiinterval is pisso1Nnt when the component intervals are pairwise disjoint. 


Remark 9 We stress the following facts: 


¢ the term “finite or numerable sequence” is, strictly speaking, partly redundant and not 
strictly correct since a sequence (of intervals) is amap 1 (a, b,) when the domain of 
the map is N. We use this term since we consider also the case that the domain is finite, 
sayl<n<QN. 


The number L(A) cannot be zero since any open interval has a positive length and it does 
not depend on the order in which the component intervals R,, are listed. 


We do not require that the component intervals (ay, b,) are disjoint. Even more, we do 
not require that they are distinct intervals: the same interval can be listed several times. 
So, it can be L(A) = +00 even if the set Z, is bounded. Hence, in no way the number 
L(A) can be considered as a “measure” of A. 


A bit pedantic observation is as follows. We defined A as a sequence of intervals: 
A is the function n +> (ay, bn) 


but we noted that the number L(A) does not depend on the order in which the component 
intervals are listed. So, it might be tempting to define A as a family of intervals. This is 
not quite correct since “family” is usually intended as a synonym of “set” and so the two 
families {(0,1), (0, 1)} and {(0, 1)} are the same family, i.e. the same set, since they 
have the same element. But they are different multiintervals, i.e. different sequences of 
intervals, and 


L({(0,1)})=1, while L({(0,1), (0, 1)}) =2. 


In the definition of multiinterval we did not impose that the component intervals are 
bounded. In most of our applications we use multiintervals A such that J, © [h, k] and 
so the component intervals are bounded. An exception is Theorem|{I7| 


1.2. SUBSETS OF THE REAL LINE AND CONTINUITY 


Table 1.1: Our request to the integral 


13 


1. the function f(x) = c on [A, k] is integrable and its integral is c(k —h) 
i.e. the area of the rectangle identified by its graph; 


2. if f and g are defined on [h, k] and integrable then: 


(a) LINEARITY: the function af + 6g is integrable for every real 
numbers a and £ and 


k k k 
/ [a f(x) + Be(x)] dx =a / f(x) dx+B / o(x) de. 


(b) monotonicity: if f(x) > g(x) for every x € [h,k] then 
k k 
f(x) dx = | g(x) dx. 


h 


3. AppitTivity: if f is defined and integrable both on A and on B then it 
is integrable on A U B and 


ANB=0 = J feoar= f royars fp) ar. 


4. if {f,} is is a sequence of functions and if: 


(a) the functions f,, are defined on the set A and 


lim f,(x) = f(x) for every x € A; 
n—-+00 


(b) the set A is bounded; 


(c) the sequence {f,,} is bounded in the sense that there exists M 
such that | f,,(x)| < M for all x € A and every n; 


(d) each f,, is integrable on A; 


then f is integrable too and the equality holds: 


lim ne I (i lim | In(x)) dx = f fo) ar, 


n—+00 
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¢ the length of an interval does not depend on whether it contains the endpoints: the intervals 
(a,b), [a, b), (a, b] and [a, b] all have the same length b — a. So, we can associate the 
number L also to multiintervals whose component intervals are not open. This will be 
done in Chap. [2| In the present chapter we assume that a multiinterval is composed of 
open intervals, as stated in Definition|8| 


We need the following observation: 


Lemma 10 Let {Ax} be a sequence of multiintervals, Ax = {Ix.n}. There exists a multiinterval 
A whose component intervals are the intervals Ix,» and such that 


L(A) = » 


k=1 


Proof. Let px be the k-th prime number. The sequence A is the function p? +> Ik.n. W 


Now we define: 


Definition 11 The set N C Ris a NULL set when for every € > 0 there exists a multiinterval A 
such that 
L(A) <e, NCI. 


A function whose points of discontinuity are a null set is ALMOST EVERYWHERE CONTINUOUS 
(SHORTLY, A.E. CONTINUOUS). 


Example 12 The set QN/ (0, 1) is a null set. In order to see this fact we recall that the set of the 
rational numbers is numerable: there exists a sequence {gx }1<k<+00 Such that gx, # gq; if k # j 
and whose image is Q/N (0, 1). 

We fix any € > 0. To gy we associate the interval J, = (¢n—€/2", dnt €/2”"). The sequence 
A = {1,,} has the property that QM (0,1) © Z, and L(A) <e. I 


Remark 13 The following observations have their interest: 


1. the argument in Example [I2]is very simple because we did not require that the compo- 
nent intervals are disjoint. Had we imposed this condition then the construction of the 
multiinterval would be more delicate. 


2: Example{12|shows that in the definition of null set we cannot impose that the multiintervals 
have finitely many component intervals. 


3. The method in Example[12]can be used to show that any numerable set is a null set. There 
exists null sets which are not numerable. An example is the Cantor set, see Sect. L] 


We use the terminology introduced in the table and we note the following simple 
observations. 


Lemma 14 Let {N,} be a sequence of null sets. Then N = UN, is a null set. 
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Table 1.2: Succinct notations and terminology 


In order to speed up the statements, it is convenient to introduce the following 
notations suggested by the previous considerations: 


¢ let {A,} be a sequence of multiintervals and let the multiinterval A 
be constructed from {A,,} with the procedure in Lemma The 
multiinterval A is denoted UA;; 


* we say that a MULTIINTERVAL COVERS A SET A when A C Ja. 


* we say that a multiinterval Is IN A seT A when J, C A. 


we say that A is the set of A when A = Jy. 


* we say that a multiinterval A is ExTRACTED from A when any compo- 
nent interval of A is a component interval of A. 


a multiinterval which has finitely many component intervals is called 
a “finite sequence” (of intervals) or a FINITE MULTIINTERVAL. 


Proof. We fix < > 0 and we construct a multiinterval A such that 
Acovers N, i.e. N C £,, and L(A) <eé. 


The construction is as follows. For every n there exists A, such that 


E 
Nn € Ih, > L(An) < Qn : 
The multiinterval A, exists because N,, is a null set. 
The multiinterval A = UA,, has the required properties. tl 


We noted in Remark [13] that in general a multiinterval which covers a set A has infinitely 
many component intervals even if A is bounded. The following observation has its interest: if 
K is compact, i.e. bounded and closed, then any family of open sets which covers K has a finite 
subfamily which still covers K. This fact can be recasted in terms of multiintervals as follows}} 


Lemma 15 Let A be a multiinterval which covers a compact set K. There exists a finite 
multiinterval A which covers K and which is extracted from A. 


Now we recast the property of being a.e. continuous given in Definition{IT]in a more baroque 
style, which however suggests a general definition: let f be a function defined on A and let P(x) 


Ithe fact that a multiinterval is composed of open intervals is crucial for Theorem|15]to hold. 
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be the following proposition which applies to the points x € A: P(x) is true when f is continuous 
at x. We say that f is a.e. continuous on A if F is false on a null set. In symbols: 


f isa.e. continuousonA <> {xeA suchthat =P(x)} is anull set. 


This baroque way of stating continuity a.e. shows that the key ingredient is a property of the 
points of A. So we define: 


Definition 16 A property P of the points of A holds ALMOST EVERYWHERE (shortly A.E.) on A 
when the subset where it is false is a null set. 


For example, a function defined on A is a.e. positive when {x such that f(x) < 0} is a null 
set; a function is a.e. defined on A when A \ dom f is a null set. 

The previous observations that we have seen in dimension | have counterparts in every space 
R¢. The next result holds only in dimension 1: 


Theorem 17 Any nonempty open set O € R is the union of the component intervals of a disjoint 
multiinterva[?}: there exists A = {I,,} such that 


O=th=(Jh and InN Ik =Qifn#k. 


Two different multiintervals with this property differ solely for the order of the component 
intervals I. 


Corollary 18 Let A be a multiinterval. There exists a disjoint multiinterval A such that 
Tr =I. 
Remark 19 The previous corollary shows that in dimension 1 it is equivalent to work with 
arbitrary multiintervals or with disjoint multiintervals. Furthermore, it is the key observation for 
the following definition of the “measure” of an open set. ll 
Definition 20 Le O C R be a nonempty open set. We use Theorem|I7]and we represent 
O=]h, (A = {I} is disjoint) . (1.7) 


The MEASvRE of O is the number 


A(O) =L(A). 1 


The disjoint multiinterval A in is not unique but two multiintervals differ only for the order 
of the component intervals J, and so A(O) is uniquely defined. 
The following property are clear: 


Theorem 21 We have: 
1. Let O # @ be an open set. We have: 


A(O) =inf{L(A) : OC Th}. 
2. ifO, © Oz are nonempty open sets then A(O,) < A(O2) . 


Remark 22 Note that 4(O) < +00. When O is bounded its measure is finite but it is not difficult 
to construct examples of unbounded open sets with finite measure. I 


2we recall that according to our definition a multiinterval is composed of open intervals. 


1.2. SUBSETS OF THE REAL LINE AND CONTINUITY 17 


The proof of Theorem The proof follows from the following simple observations: 
1. the union of open intervals which have a common point is an open interval. 


2. let xo € O. The union of the open intervals J such that x9 € J € O is the maximal open 
interval to which xo belongs and which is contained in O. We denote it I... 


3. let xp and x, be points of the open set O. We have either 1,,. = I, or Ix) N Jy, = 9. 


These properties imply that O is the union of disjoint open intervals. These intervals can 
be arranged to form a sequence by choosing one rational number from each one of them and 
recalling that the rational numbers are numerable. 


1.2.1 Restriction and Extensions of Functions 
Let A C Rand let f be a real valued function defined on A. We define: 


1. if B C Rthen g = f\,, the RESTRICTION of f to B, is defined when BN A # @ and by 
definition dom g = AN B and if b € domg then g(b) = f(b). So, the graph of g is 
obtained by that of f by deleting the points (a, f(a)) for which a ¢ B. 


The function f has a unique restriction to B. 


2. Letinsteaddom g € Band let f be defined on A 3 dom g. The function f is an EXTENSION 
of g when f|, = g. So, a function defined on B admits infinitely many extensions to A 
(unless A = dom g!) and in practice the extensions which are used have additional special 
properties. 


It is obvious: 
Lemma 23 if|f(x)| < M for every x € A then we have also |f\,(x)| < M for every x € B. 


It is important to be clear on the relation of continuity of a function and of its restrictions. 
In order to appreciate these relations we state explicitly the definitions of continuity at the points 
of B C A and the definition of continuity of f/,. 

Let B C A and let f be defined on A. Let 


8=Sie 


be the restriction of f to the set B. 


Continuity of f at x9 ¢ B C A: for every € > O there exists 6 > O such that if | x € A| and 
|x — xo| < 6 then | f(x) — f(x0)| < €. Note that we do not impose x € B. 


In terms of sequences, f is continuous at x9 when 


Xn € Aland x, > x9 ==> f (xn) > f (xo) = g(x0) . 


Continuity of g = f|,, at xo: it must be xg € B since dom f|, = B. The definition of continuity 


is as follows: for every ¢ > 0 there exists 6 > 0 such that if] x € B|and |x — xo| < 6 then 
f(x) — f (%o)| < e. In terms of sequences, f is continuous at x9 € B when 


Xn € Blandx, ~x = f(xn) > f(x) 
ae = 


Il Il 
8(Xn) 8 (x0) 
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Furthermore we note: if f is continuous at x) € B then g = f|, is continuous too but 
continuity of g = f|, at xo € B nothing says on the continuity of f: it is possible that g is 
continuous while f is not continuous. We give the following quite elaborate example (which is 
important for the definition of the integral) and we invite the reader to find a simpler one. 


Example 24 Let A = [0,1] and f = d be the DirIcLet FUNCTION on [0, 1]: 


fla) = ata) ={ 4 fe ne: (1.8) 


The function f = d is discontinuous at every point. 

Let B = QN (0, 1), the set of the rational points of (0, 1). The function g = f|, is continuous 
on B because it is the constant function 0. 

Analogously we see that f|,. is continuous when C = [0, 1] \ Q. 

The message of this example is that when studying continuity of the restriction of a function 
on a set B, we only consider the part of its graph which projects ortogonally to points of B. The 
remaining part of the graph is deleted. t 


Finally, as an application of the definition of continuity, we invite the reader to prove the 
following resulf}| 


Theorem 25 Let A C Rand let f and g be continuous on A. The functions 


o(x) = max{ f(x), g(x)}, w(x) = min{ f(x), g(x)} 


are continuous on A. In particular, let N be any real number and let 


fr. (x) = max{f(x),N}, fi.w(x) = min{ f(x), N}. (1.9) 


The functions f,,n and f_,n are continuous on A. 


Associated Multiintervals 


Let f be a function a.e. defined on an interval R. The interval can be unbounded, i.e. it can be a 
half line or it can be R; the endpoints of the interval can belong to R or not, i.e. R can be open 
or closed or half open. 

Let A be a multiinterval in R, i.e. such that J, C R. We say that A is a MULTIINTERVAL 
ASSOCIATED TO f when Fin, is continuous. If L(A) < & we say that A is an AssocIATED 
MULTIINTERVAL OF ORDER €. 

We note that an associated multiinterval of order ¢ needs not be unique. 

We consider the following example: 


Example 26 Let f be defined on (h, k) and continuous on (h,h) U (h,k). Any interval (h - 
1/n, h + 1/n) is an associated interval of order 2¢ if 1/n < e. 

The reader is invited to use the previous idea and to combine the examples [12]and [24] and 
to construct an associated multiinterval of order ¢ for the Dirichlet function (in case of difficulty 
see the Example{40). 


3a proof is in Sect.[6.1] 
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This concept of associated multiinterval is crucial in the Tonelli definition of the interval. 
So it is convenient to present few simple comments. 


Lemma 27 let R be an interval and let ¢ > 0. The following properties hold: 


1. let R be not closed. Let f be defined on R and let there exist a multiinterval A of order € 
associated to f. If g is an extension of f to cl R then there exists a multiinterval of order 
€ associated to g. 


2. let f and g be a.e. defined on Rand let N ={x : f(x) -— g(x) #0} be anull set. If there 
exists a multiinterval A of order € associated to f then there exists also a multiinterval of 
order & associated to g. 


3. let f and g be a.e. defined on an interval R and let A and A be multiinterval of order € 
associated respectively to f and to g. Then AU A is a multiinterval of order 2¢ associated 


to f +g. 
4. Asin we define, for every N ER, 
fr.n (x) = max{f(x),N}, fiw(x) = min{ f(x), N}. (1.10) 
If A is a multiinterval associated to f it is also a multiinterval associated to f,,n and to 
f-.N- 


Proof. We prove statement] Note that R # R since it is not closed. So it has one or two (finite) 
endpoints. The multiinterval associated to g is obtained by adding to A one or two intervals 
which cover the end points of R of length less then (e — L(A)) /2. 

Statement |2]is proved in a similar way: we construct a multiinterval A; which covers N and 
such that L(A;) < ¢— L(A). The required multiinterval is A U A. 

Statement 3] is proved in a similar way and statement [4] is a reformulation of Theorem [25] 
when A = R \ Ja and A is an associated multiinterval to f. 


Theorem 28 Let { f,,} be a sequence of functions. We assume that for every o > 0 there exists a 
multiinterval A, of order o associated to f,. Under this condition, for every € > 0 there exists 
a multiinterval A. which is associated to every fn. 


Proof. The multiinterval A, is 


+00 
Ag =(Janenn- | 
n=1 


1.2.2 Tietze Extension Theorem: One Variable 


A key result which is used in the construction of the integral is Tietze extension theorem. We 
introduce the following definition: 


Definition 29 Let f be continuous on the closed subset K of R. We call TieTzE EXTENSION OF f 
any continuous extension fe of f to an interval R 2 K such that 


inf {f(x), xe K} =inf {f.(x), xe R}, 
sup {f(x), x € K} = sup{felx), x € R} 


4the hypothesis that the function f is defined on a closed set is crucial for the existence of 
continuous extensions. In general there is no continuous extension from an open set. 


(1.11) 
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Tietze extensions exist in any normal topological space. Proofs in such generality can be 
found in books on general topology. Here we give a proof in the case of functions of one variable. 
The proof is intuitive thanks to Theorem|I7] and furthermore it gives an extension which has an 
important additional property. 


While reading the theorem, it may be helpful vA 
to look at the figure here on the right. The 
geometric definition of the extension and a 
look to the figure easily shows the properties 
stated in the theorem. For completeness, the 
details of the proof are given at the end of this 
section. 

In the figure, the set K and the graph of f are 
red while the graph of the extension to R \ K 
is blue. 


Theorem 30 (TiETZE EXTENSION THEOREM) Let K C R be a closed set and let f be defined on 
K and continuous. 

The extension fe of f constructed with the procedure described below has the following 
properties: 


1. the function f. is continuous on R; 
2. we have 
min { f(x), xe K}=min{fe(x), x ER}, 
max { f(x), x € K}=max{fe(x), x ER}. 
3. let g be a second continuous function defined on K and let ge be its extension obtained 
with the procedure described below. If f(x) = g(x) on K then f(x) = ge(x). 


The function fe is defined as follows: fe(x) = f(x) ifx € K while if x ¢ K we proceed as in 
the following steps: 

Step 0: we use Theorem|I7|and we represent R\ K = U(dn, bn) (the open intervals (an, by) are 
pairwise disjoint); 

Step 1: we note that the endpoints a, and b,, belong to K; 

Step 2: if K is bounded above then (only) one of the interval (day, by;,) has the form (r, +00) with 
r € K. On this interval we put fe(x) = f(r). Analogous observation and definition if K 
is bounded below; 

Step 3: on the bounded interval (ay, by) the extension f, interpolates linearly among the points 


(an, f(an)) and (bn, f(by)); ie. the graph is the segment which joins these points. In 
analytic terms: 


if x € (An, bn) then x = Aan + (1 — A)by (with A € (0,1)). 


By definition, fe(x) = Af (an) + (1 -A)f (On) - (1.12) 


We note: 
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¢ the property in the statement[3]of Theorem 30jis a property of the special Tietze extension 
obtained with the procedure described in the theorem. It is not a property of any Tietze 
extension. 


it is clear that in general there are infinitely many extensions of a given function. Fig. [1-1] 
in Example 38|below shows two different Tietze extensions to [h, k] of a function which 
is continuous on K = [h,h — €) U (h +, k] (€ > 0) while seed Se shows that 
the Dirichlet function admits a unique Tietze extension. More in general we have: 


Lemma 31 A function which is a.e. constant on an interval, f(x) = c a.e., admits the 
unique Tietze extension fe(x) = c. 


The proof (similar to that in Example 40) is left as an exercise to the reader. 


We state: 


Theorem 32 Let {f,,} be a sequence of continuous function defined on the closed set K and let 
let (fn)e be Tietze extensions of fn. If fr — 0 uniformly on K then (fn)e — 0 uniformly on R. 


Proof. The statement is an obvious consequence of Theorem [2|and the inequality (1.11) which 
holds for every Tietze extension. I 


Theorem [30] is extended to functions of several variables in Chap. The proof is in the 
Appendix[3.A]|where we extend also Theorem|[32| 

Now we state further properties of the special Tietze extensions obtained with the procedure 
described in Theorem[30] These properties, which do not hold for general Tietze extensions, will 
be used to give a simple proof of Egorov-Severini Theorem in Chap. 2] 


Theorem 33 Let {f,} be a sequence of continuous functions defined on a compact set K and let 
(fn)e be the Tietze extension of f, obtained with the algorithm described in Theorem|30] The 
following properties hold: 


1. If {fn} is an increasing (decreasing) sequence on K then {(fn)e} is an increasing (de- 
creasing) sequence on R. 


2. if {fn(x)} converges for every x € K then {(fn)e(x)} converges for every x € R. 


Proof. Statement [I] is an immediate consequence of the property 3] of Theorem [30] We prove 
Property [2] We recall (1.12): Let R \ K = Ugsi (ax, bx). Let x € (ax, bx), a bounded interval. 
There exists A € (0, 1) such that x = Aa, + (1 — A)b,;, and 


(fide (x) =Afn(axn) + - A) fn(bx) : 
The end points a, and b; belong to K so that {f,,(a,)} and {f,,(b;)} both converge. So also 
(fre (x) = Afn(ak) +(1- A) fn(bx) 


converges. 
The same hold on an unbounded interval, either (a,,,+00) or (—00, bg,), since on these 
intervals either (f,)e(x) = fur(@k) of fnde(x) = fnr(beo)- I 
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The proof of Theorem We apply Theorem|17]to the open set 
O2R\K: Ri K=UL, SuG,d,) 


(the intervals J, are pairwise disjoint). 

The end points a, and b,, do not belong to J,,, which is open. Hence they belong to K = dom f 
and f(a,) and f(b,) are defined. 

It is convenient to denote f the restriction of f. to O. So, f is defined as follows: 


* If (r,+0o) is one of the intervals which compose O then we define f(x) = f(r) when 
x > rand analogously when (—o, r) is one of the intervals which compose O we define 
f(x) = f(r) when x <r. 


* we define f on the bounded intervals I, = (dn, bn) by assigning its graph: the graph of 
f on I, is the segment which joins the two points (ayn, f(an)) and (by, f(bn)). 


The function 7 is continuous on O and 
min f < f(x) < max f WxeO. (1.13) 
In order to complete the proof we must prove continuity of the function 


_{ f@) if xe€O=R\K 
fata) ={ f(x) if xeK. 


Every xo € O has a neighborhood contained in O and on this neighborhood f.(x) = f(x), 
hence it is continuous. 

We must prove continuity at the points of K. 

For most of clarity we use the following notation: a point of K is denoted k while a point of 
R\ K = O is denoted x. In spite of this, we recall that the endpoints ay and by, of the intervals 
I, belong to K. 

We consider a point ky € K and we prove continuity of f. at ko. Continuity is clear if 
ko € int K and so we must consider solely the case kg € OK so that ko belongs to K and it is an 
accumulation point of O. 

We fix any € > 0. Continuity of the function f defined on K shows the existence of 6 > 0 
such that 


oe = flko) -6< f(k) < flko) +e. (1.14) 
SS SS SS 
= fe (ko) =fe (k) = fe (ko) 


In order to prove continuity of f, at ko we must prove the existence of 6 < 6 such that also 
the following property holds: 


Fe(ko) -E< fe(x) < Ffe(ko) +é. (1.15) 


=f (ko) =f(x) =f (ko) 


x € Tz = {|x — ko| < 5}, 
xe€O 


The intervals (a, b,) belong to the following three classes: 


1. those intervals which do not intersect 5. Their points are not considered in (1.15) since 
we choose 6 < 6 and we do not need to consider them. 
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2. The intervals (dy,, bn.) G £5. There can be infinitely many such intervals. 


3. The intervals (dn), bn ) which are not contained in £5 but which intersect £5. There are 
at most two of such intervals, one on the right and one on the left: an interval (an,., Dg) 
such that 


ko S Ang <kot+06 < bry 


and the analogous intervals on the left. 


By reducing the value of 6 we can assume 


ko <Any < ko + 6 < dry - (1.16) 


Now we show how 6 can be chosen. We consider values of x on the right of ko. A similar 
procedure can be done when x < ko. 

When x € O there exists a unique ng such that x € In, = (Gn), bn,) and the construction of 
f is such that 


f(x) = fe(x) belongs to the interval of end points 
Fe(ano) = Fano) and fe(Bno) = f(Bng) Le. (1.17) 
fe(Any) = f (Ano) S f(x) = fe(x) < (On) = fe(Ong) . 


The interval (a,,., by.) that has to be considered is either in the case Jor in the case[3] 
First we consider the case that (dy), bny) is in the case[2]i.e. X € (Any, bny) G L5 then we 


have 


from 
ESE DE EE ETOSINEEI(SSSEDSEESEESEESEESSESEESEEOSEE 


f (ko) -€ < flan) < FQ) < fbn) < f(ko) +€ 


— ed “Ss — —sS 

= fe(ko) =felang) =fe(®) =felbno)  =Ffe(ko) 

_————————— 
from [I-14] 


as wanted with 6 = 6. 
Instead, let (dn), bny) be in the case[3] We consider the case of the interval on the right side. 
We have the following cases: 


1. the case that ky < ay). In this case we reduce the value of 6 and we choose é6< Any — ko. 
This way, 


[ko, ko + 6) = [Ko, Ang) 


and the points x € (dny,bn,) have not to be considered: the required inequality (1.15) 
holds on [ko, ko + 6). 


2. the case dn, = ko < ko + 6 < by. On [ko, ko +6) We have f(x) = f (x), a continuous 
function and by suitably reducing the value of 6 the required inequality (1.15) is achieved. 


This last observation ends the proof of continuity. 
The statement [3] follows from the following observation: if f(a,) = g(a,) and f(b,) = 
g(b,) then (1.12) gives f(x) > 8(x) for every x € (dyn, bn). ¥ 
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1.3 Tonelli Construction of the Lebesgue Integral 


This section contains the fundamental ideas of the Tonelli method, presented in the simplest 
case of the functions of one variable. We proceed as follows: first we introduce and discuss 
the main ingredients used by Tonelli. In particular we define the quasicontinuous functions 
defined on (bounded or unbounded) intervals. Then we define the Lebesgue integral of bounded 
quasicontinuous functions defined on bounded intervals. Finally we define quasicontinuous 
functions defined on a large family of domains and their integral. In this case we do not assume 
that the functions or its domain are bounded. 


1.3.1 The Key Ingredients Used by Tonelli 


Tonelli construction of the Lebesgue integral is based on three main ingredients. 


The first ingredient is the definition of the null sets (see Definition[I 1p. 


The second ingredient is the class of the quasicontinuous functions defined on (bounded or 
unbounded) intervals that we define now)] 


Let R be a bounder or unbounded interval. A function f defined a.e. on R is a QUASI- 
CONTINUOUS FUNCTION®|when the following property holds: for every e > 0 there exists 
a multiinterval A. of order € which is associated to f i.e. such that 


L (Az) <s, = 
Flavn is continuous . (1.18) 
Note that 
inf f < inf < su < sup f. (1.19) 
R f at ap? up f 


A quasicontinuous function which is bounded is a BOUNDED QUASICONTINUOUS FUNCTION. 


Remark 34 We observe: 


1. ifa function f is quasicontinuous on the interval R then its restriction to the bounded 
intervals RM [—k,k] is quasicontinuous for every k. The converse implication 
holds too. Let f be quasicontinuous on RM [—-k, k] for every k. Let e > 0. We 
associate to f|,,,_,,, 4 multiinterval A; such that L(Ax) < €/2*. The multiinterval 
Ag = Ug>1 Ag is associated to f on R and it is of order e. 


2. in order to see whether a function is quasicontinuous it is sufficient to check that 
property (1.18) holds solely for the sequence €, = 1/n. 
Statement[3]of Lemma|27Jhas the following important consequence: 


Theorem 35 The classes of the quasicontinuous functions and that of the bounded qua- 
sicontinuous functions (defined on a fixed interval R) are linear spaces. 


5the extension to functions defined in a larger class of domains is in Sect. 

6“quasicontinuous functions” corresponds to “funzioni quasi continue” used by Tonelli. A 
better translation would be “almost continuous functions” but this term might be confused with 
“almost everywhere continuous functions” and we prefer to avoid it. 
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The third ingredient. Let f be a bounded quasicontinuous function on the interval R. 


We construct a sequence of continuous functions on R which we call an AssocIATED 
SEQUENCE OF CONTINUOUS FUNCTIONS. 


We proceed in two steps: 
Step 1: when / is defined on a closed interval 


Let dom f = R. The interval R can be unbounded but it is closed. Let €, > 0, €, — 0. 
LefJAn be multiintervals associated to f, A, of order €,: 


L(An) < En, 
Flr\z. 18 continuous . 
The set R \ Jp, is closed. Theorem |30| asserts that fj, In admits a Tietze extension 


( Kies I ) to R, i.e. a continuous extension with the same upper and lower bound as f. 
nile 


The sequence n t> ( Fir, h ) is aN ASSOCIATED SEQUENCE (to f) OF CONTINUOUS FUNC- 
1 
TIONS OF ORDER Ep. 7 


Step 2: f is a.e. defined on a nonclosed interval R 
The key observation is Statement[2]in Lemma|[27| which can be reformulated as follows: 


Theorem 36 Let f be a.e. defined on an interval R which is not closed. Let g be one of 
its extension to cl R. Then, g is quasicontinuous if and only if f is. 


AN ASSOCIATED SEQUENCE OF CONTINUOUS FUNCTIONS TO f is by definition a sequence 
associated to any of its extensions g. 


Given €,, — 0, any sequence {A,, f,} where f, = ( fi R\lh ) is a sequence of ASSOCIATED 
FL 
MULTIINTERVALS AND CONTINUOUS FUNCTIONS OF ORDER €y,. 


Remark 37 It is clear that neither the multiinterval A,, nor the functions ( f R\h, ) are 
nie 
uniquely identified by ¢, but when there is no risk of confusion it may be convenient to 


denote ( Fins In, }e with the simpler notation f,,e or even fy. I 


The Properties of the Quasicontinuous Functions 


First a simple example: 


Example 38 A function which is continuous on [h, k] a part a jump at h € [h, k] is quasicon- 
tinuous. We show explicitly this fact in the case h € (h, k) and we leave to the reader the case 
that / is one of the endpoints. 
We fix any € such that 
O<e<min{h—-h, k-h}. 


The multiinterval A, is composed by the sole interval (h— €, h + €) (but of course we might 
choose a more complicated multiinterval). 
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YA 


Figure 1.1: The function f(x) and two different choices for ( Fei h 


The function f is continuous both on [h, f — e] and on [f+ €,k]. The function f, is for 
example one of the functions whose graph is in Fig.}1.1 
We leave the reader to write the analytic expression of the functions and we stress the fact 


that ren 
We observe that 


) is not uniquely identified by Ag. 


lim “(fies,), (x) dx = [row 


e>0* Jy 
eee” —_——» 
Riemann integral Riemann integral 
in spite of the fact that the convergence is not uniform. 

This arguments is easily extended to functions with finitely many jumps, in particular to 
piecewise constant functions. We recall that the approximation from below and from above of 
a function with piecewise constant functions is the key step in the definition of the Riemann 
integral. 


Example[38]can be much strengthened: 
Lemma 39 Ana.e. continuous function which is a.e. defined onan interval R is quasicontinuous. 


Proof. We extend f to cl R in an arbitrary fashion. The extension is still denoted f. By definition, 
for every n there exists a multiinterval A such that L(A) < 1/n and f is continuous at the points 
of R \ Ip. So, fia, A is continuous too. It follows that f is quasicontinuous. I 


The implication in Lemma[39|cannot be inverted: 


7we use the simplified notation A,, instead of the complete notation Ag, . 
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Example 40 We noted that the Dirichlet function on [0,1] is discontinuous at every point. 
Hence it is not a.e. continuous but it is quasicontinuous. In fact, we proved in the Example [12] 
that the set of the rational points of [0, 1] is a null set. So, for every n there exists a multiinterval 
An such that L(A,) < 1/n and Q C fy,,. 

The elements of the set K, = [0,1] \ Za, are irrational points and so 


dix, (x) =0 Vxe Ky: 


the function d|,, is constant, hence continuous. So, the Dirichlet function is quasicontinuous in 
spite of the fact that it is not a.e. continuous. 
We note that the Tietze extension of d),._ is unique and it is identically zero: 


(dix, Je =0 
and this is a special instance of Lemmaf31] § 


The following simple observations have to be compared with Theorem|35| 
Theorem 41 Let R be an interval. The following properties hold: 


I. let f be quasicontinuous on R and let R, © R (R, is an interval). Then ips is quasicon- 
tinuous on R,. 

2. leth € (h,k). If f is.a.e. defined on (h, k) and if it is quasicontinuous both on (h, h) and 
on (h, k) then it is quasicontinuous on (h, k). 

3. the sum and the product of two (bounded) quasicontinuous functions on an interval R is 
a (bounded) quasicontinuous function on R. 
The quotient of quasicontinuous functions is quasicontinuous if the denominator is a.e. 


non zero. 


4. let f be quasicontinuouson the interval R and let g be a continuous function on a domain 
which contains the image of f. The composition x +> g(f (x)) is quasicontinuous. 


5. let fn be quasicontinuous functions. For every k, the functions 


bx (x) =max{fi(x), fo(x), .... fe} 
Wax) = min{fi(x), fo(x), -.. 5 fe} 


are quasicontinuous. 


These statements are either already noted or easily proved. In particular we examine the 
statement|5] It is sufficient to examine the maximum of two functions f(x) and g(x). 

We use Theorem|25} if both f(x) and g(x) are continuous at xp then x + max{ f(x), g(x)} 
is continuous at x9 too. 

Let the two functions f and g be quasicontinuous on R. For every € > 0 there exists A, 
such that both fr\,, and gr\a, are continuous. The restriction to R \ A, of max{ f(x), g(x)} 
is equal to 

max {fr\a. , gr\a.} ; 
the maximum of two continuous functions. Hence, it is a continuous function. 
Let now 1,4 be the CHARACTERISTIC FUNCTION of a set A: 


1 if xeA 
1a) ={ if x@A. 


The properties in the statements[I|and[2]of Theorem|41|can be recasted as follows: 
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Corollary 42 Let f be a.e. defined on [h, k] and let h € (h,k). The function f is quasicontin- 
uous if and only if both pp pf and 1); 44f are quasicontinuous. 


Now we recall the notations in (1.9) and observe that 


f= fro + fro 
—S — os 
=max{f,0} | =min{f,0} 


The previous result can be applied separately to f,, and to f_o. We apply Theorems[25|and[41] 
to f.,9 and to f_.9 (when A = R \ Zy,.). We find: 
Theorem 43 Let the function f be a.e. defined on R. Then we have: 

1. the function f is quasicontinuous if and only if both f,,9 and f_,9 are quasicontinuous. 


2. if the function f is quasicontinuous on an interval R then | f | is quasicontinuous on R too. 
Statement[2]follows from 


If@)| = fol) — Fo). 


Theorem|43]shows that it is not restrictive, when studying the properties of quasicontinuous 
functions, to assume that the functions do not change sign. This observation will be useful in the 
study of integration theory. 


Remark 44 Observe that we did not assert that the composition of quasicontinuous function is 
quasicontinuous. In fact, in general it is not. See Remark[200]in Appendix[6.B] 


1.3.2 The Lebesgue Integral under Boundedness Assumptions 


We define the Lebesgue integral of a bounded quasicontinuous function a.e. defined on a bounded 
interval. 
We note a property of the Riemann integral: 


Lemma 45 Let f be Riemann integrable (hence bounded) on [h, k] and let | f (x)| < M for all 
x € [h,k]. Let there exists a multiinterval A such that f(x) = 0 if x € [h,k] \ Ly. Then the 
following inequality holds for the Riemann integral: 


k 
i f(x) dx} < ML(A). 
h 
Proof. The Riemann integral is 
k N-1 
J fe) ae= sim D Fiber — Maw) (1.20) 


where h; yj = h+ cae (k—h) and xy; € [hi,n, hi+1,~) can be arbitrarily chosen (see Corollary 
in Appendix [I-Ap. As the value of the integral does not depend on the choice of the points x;, 
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we decide to choose x;,y ¢ L, provided that this is possible, i.e. when [A;,x, hi+1,n) is not 
contained in J). 

This way, the nonzero elements of the right sum in (1.20) are those which corresponds to 
intervals [h;,x1, hi+1,n) which are contained in Z,. The sum of the lengths of these intervals is 
less then L(A) so that 


N-1 
> f (Xi) (hisi,n — hi,w)| < ML(A). 
i=0 

This inequality is preserved in the limit. 


We fix a bounded interval R = [h, k] and a bounded quasicontinuous function f a.e. defined 
on it: 
If(x)| <M. 


Then we fix a sequence (Ay, f,) of associated multiintervals and continuous functions of order 
1/n. The functions f,, are continuous, hence Riemann integrable, on R. 
Note that by the definition of the associated functions and from the inequality (1.19) we have 


fn(x)| <M Vx € [h,k] Wn. (1.21) 
We prove: 


Theorem 46 The sequence of the Riemann integrals 


ii *fioide 


is convergent and the limit does not depend on the particular associated sequence (An, fn) of 
order 1/n in the sense that if (An, fn) is a different associated sequence of order \/n then 


n—-+00 


k k 
lim fis) d= tim [flay de. 
h n—+0o0 h 


Proof. The continuous function f,, — fm is different from zero solely on Z,,, U L,,. So, from 
Lemmaf45] we have 


k k k 
if fils) de ~ f fin (X) ar|= f Jin(s) — flo) dx 2M (7 4) : 
h h h n m 


Uf wor 


is a Cauchy sequence, hence it is convergent. 
In a similar way we see that the limit does not depend of the special associated sequence. 
First we note that the inequalities holds both for f,, and for i if | f(x)| < M then we 
have | f,(x)| < M and |f,,(x)| < M for every n. Then we observe 


It follows that the sequence 


lin) - fl =0 Vee [A K]\{Z, UT, } 


[nena [foes 


Hence 
4M 
< — 
n 
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[fue ae [foo ax|=0. , 


It is clear that the special sequence 1/n has no role and the same argument can be repeated 
for sequences (Ay, fy) of order €, and (Ay, fy) of order é, with €, — 0 and é, — 0. Le. we 
have 


so that 


lim 


n—-+co 


Theorem 47 Let {e€,} and {&,} be two sequences of positive numbers both convergent to zero. 
Let fn, fn be associated continuous functions (to f) of order respectively to En and to En. Then 
we have 


k k 
lim f(x) dx = lim | Fnlxy dx. 
h n—+oo h 


n—+0o0 


These observations justify the following definition: let f be a bounded quasicontinuous 
function a.e. defined on the bounded interval R = [h,k]. We fix any sequence {Ay, f,} of 
associated multiintervals and continuous functions of order 1/n. The LEBESGUE INTEGRAL of f 
on R is defined as follows 


k k 
[ fea lim f falx) dx . (1.22) 
h n—+00 h 
m——+_>>_——_ me[]9 

Lebesgue Riemann 


integral integral 


A consequence of the fact that f is only a.e. defined on R is that the integral does not change if 
the interval R is open or half open. 


Example 48 Let us see two examples: 


1. Let f be ae. defined on [/, k], and let 
fQ=fA hex ch, f@=fp h<x<k. 


Tietze extensions of this functions have been considered in Example From the 
arguments in Example [38]we see that the Lebesgue integral of f is 


k 
| Oo ee eae 


It is known that the sum on the right is also the Riemann integral of the function. 


This observation can be extended to any piecewise continuous function. Leth;,0 <i< N 
be points such that 
h=ho, hishit, hn =k 


and let y(x) = y; if x € [h;, hj4,). Then, its Lebesgue integral is 


k N 
i x(x) dx = SY xi(hint — hj) 
i=0 


and this number is also the Riemann integral of y. 
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2. Example[40|shows that 


k 
; d(x) dx =0 (dis the Diriclet function) 
h 

a 


Lebesgue integral 
as required in Remark [6] | 


The definition of the oriented Riemann integral suggests to define also of the ORIENTED 
LEBESGUE INTEGRAL: 


[roa-- [row since [sep ar=— [face 


Lebesgue integrals Riemann integrals 


When the interval of endpoints 4 and k (with h < k) is denoted R then we use, both for the 
Riemann and the Lebesgue integrals, 


k 
if f(x) dx to denote f (x) dx (we repeat: h < k). 
R h 


From now on, the integral sign will always denote the Lebesgue integral, unless explicitly 
stated that it is a Riemann integral. The fact that y denotes a Lebesgue integral is explicitly 
indicated when convenient for clarity. 


Now we state the following obvious result (recall Example/48)for the second statement and 
Lemma[31|for the third): 


Theorem 49 We have: 


I. any f € C({h,k]) is Lebesgue integrable and its Lebesgue integral coincide with its 
Riemann integral. In particular, if f(x) = c on [h,k] then its Lebesgue integral is 
c(k — h). 


2. any piecewise continuous function is Lebesgue integrable and its Lebesgue integral coin- 
cides with its Riemann integral. 


3. two functions which are a.e. equal on R have the same Lebesgue integral. In particular 
k 
f=Oae.xe [hk] = / f(x) dx =0. 
h 


The following result is a simple consequence of the corresponding result which holds for the 
Riemann integral of continuous functions: 


Theorem 50 Let f and g be a.e. defined on [h, k], bounded and quasicontinuous. Then: 


J, LINEARITY OF THE INTEGRAL: if a e 8 are real numer then 


k k k 
| GAs) eae | f(x) dx+B | a(x) dx. 


1 
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2. ADDITIVITY OF THE INTEGRAL: if he (h, k) then 


[Po torac= f" 100) axe [pes as. 


3. MONOTONICITY OF THE INTEGRAL: if f(x) < g(x) then 
k k 
f(x) dx < | g(x) dx. 
h h 
4. inequality for the absolute value: we have 


[fo rooa sf isooter. 


5. integrability of the product and of the quotient: the product f(x)g(x) is integrable; the 
quotient f (x)/g(x) is integrable provided that |g(x)| > a@ > 0. 


Remark 51 The monotonicity property requires the following comment. By definition, the 
value of the Lebesgue integral is the limit of the sequence on the right side of and it 
does not depend on the sequence that it is used. So, monotonicity easily follows if we use the 
associated sequences to f and g used in the proof of Theorem[30]since in this case f(x) > g(x) 
implies fn(x) = gn(x) (see the statement{I]of Theorem[33). | 


We note the following equality which holds for the Riemann integral: 


k+a@ k 
| fra) d= [ f(x) dx. (1.23) 
ht+a h 
Passing to the limit of sequences of associated functions we see that the property holds 
also for the Lebesgue integral. 

Equality is the TRANSLATION INVARIANCE Of the (Riemann or Lebesgue) integral. 


As stated in Theorem continuous functions and piecewise constant functions (on a 
bounded interval) are both Riemann and Lebesgue integrable and the two integrals have the 
same value. In fact, the Lebesgue integral extends the Riemann integral since: 


Theorem 52 Every Riemann integrable function is bounded quasicontinuous, hence 
Lebesgue integrable, and the values of its Riemann and Lebesgue integrals coincide. 


The proof is in Appendix where we prove also: 


Theorem 53 A bounded function defined on a bounded interval is Riemann integrable if 
and only if the set of its points of discontinuity is a null set. 
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1.3.3. The Integral of Unbounded Functions on Unbounded 
Domains 


First we investigate the definition of the integral of a function f which is a.e. defined on R and 
which can be unbounded. Then we consider the integral of f on a set A provided that A has a 
suitable property. 

So, we proceed in two steps: 


Step 1: We put 


f(x) = fr,o(x) = max{f(x),0}, = fL@) = fLo(x) = min{ f(x), 0} 
so that f,(x) = 0 and f_(x) < 0 for every x. Then, when N > 0, K > 0 and R > 0, we 


put 
Fite nitty | ener: N} : 4 2 - 
ee | ee , -K} ‘ : = 


Step 1A: Since f is quasicontinuous, the function f,:(r,1) is bounded quasicontinuous 
for every R and every N. We define 


R 
[te ae= tim fl fenay(e) ar (1.24) 
R R-+00 —R 
N—-+00 
_J_—_——“S ee ——_ —_- 
Lebesgue Lebesgue 
integral integral 


The limit has to be computed with (R, N) € N x N (i.e. one independent from the 
other). It exists since f,;(R,4) = O and it can be +oo. 


Step 1B: Since f is quasicontinuous, the function f_. (zx) is bounded quasicontinuous 
for every R and every K. We define 


R 
[reo ae= tim fin) ae. (1.25) 
R R-+00 —R 
K—-+00 
_——_ Neen” 
Lebesgue Lebesgue 
integral integral 


The limit has to be computed with (R, K) € N x N (i.e. one independent from the 
other) and it can be —co. 


Step 1C: the quasicontinuous function f is INTEGRABLE on R when at least one of the 
functions f, or f_ has finite integral. 


In this case we define 


[reoae= f poo are [fe ar. (1.26) 
R R R 
eM 

Lebesgue Lebesgue Lebesgue 


integral integral integral 
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The integral can be a number (when both the integrals of f and of f- are numbers) 
or it can be +00 or it can be —ov, 


If the integral is a number, then we say that f is SUMMABLE'} 
Step 2: let A C R satisfy the following assumption: 


Assumption 54 The characteristic function of the set A is quasicontinuous. I 


When /f is quasicontinuous on R and the set A satisfies the Assumption|54]then the product 
fa is quasicontinuous. With an abuse of notation, even if f is solely a.e. defined on A 
we put 


f(@)la(x) = : co) : ’ : (abuse of notations) (1.27) 


and: 


1. if f1, (defined as in (1.27)) is quasicontinuous on R we say that f is a QUASICON- 
TINUOUS FUNCTION ON A; 


2. if f1, is integrable on R then we say that f is INTEGRABLE ON THE SET A; if it is 
summable then we say that f is SUMMABLE ON THE SET A; 


3. if f is integrable or summable on A then we introduce the notation 


: fx) de = [ FO) 1a(e) dr. 


Remark 55 We note: 
1. sets which do not satisfy Assumption[54Jexist. An example is in the Appendix[6.A| 


2. any open set satisfies Assumption|54| A faulty proof is as follows: let O = Uns1 (dn, Dn) 
and let the intervals be pairwise disjoint. The function 19 is discontinuous at a, and 
at b,. The set of the points a, and b, is numerable so that 19 is discontinuous on 
a numerable set. Hence, 1g is quasicontinuous. We invite the reader to discuss the 
error in this argument. The error is discussed in Remark [196] while a correct proof is in 
Theorem[88] 


The following properties of the integral clearly holds: 


Theorem 56 Let A be a set which satisfies the Assumption [54]and let f and g be summable on 
A. Then: 


7, LINEARITY OF THE INTEGRAL: if a e £ are real numbers the function af + Bg is summable 
and 


k 
[ (of) + fe) dese - f(x) dr+B i g(x) de. 


8we advise the reader that this distinction between summable and integrable functions (in- 
troduced by Lebesgue in his thesis) is not used in every text. For example, in p. 73] the term 
“integrable” is used to intend that the integral is finite. 
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2. if g is bounded then the product f g is summable; if 1/g is bounded then the quotient f / g 
is summable. 


3. MONOTONICITY OF THE INTEGRAL: if f(x) < g(x) then 


[roars f eayar, 


4. two functions which are a.e. equal on R have the same Lebesgue integral. In particular 
the integral of a function which is a.e. zero is equal to zero. 


The previous properties correspond to properties which hold also for the improper integral. 
Instead, the absolute value has a new and an important property. 


Theorem 57 We have: 
1. If f is integrable then |f| is integrable and 


fireoiar= [roar ff poyar. 


So, the usual inequality of the absolute value holds: 


[frees fircotar. 


2. Let the function f be quasicontinuous. It is summable if and only if | f| is sammable. 


We stress the assumption that f is quasicontinuous in the statement This assumption 
cannot be removed since we shall see in the Remark [199] of the Apponaini ihe existence of 
functions which are not quasicontinuous but whose absolute value is constant. 

The last statement of Theorem|[57Jis crucial in functional analysis, since it permits to define 
integral norms and the spaces L?. 

Finally we state the translation invariance and the additivity of the integral. 


Theorem 58 The following properties hold: 


I. TRANSLATION INVARIANCE: let A be a set which satisfies the Assumption|54and let f be 
defined on A and quasicontinuous. Let a € R and 


At+ta={x+a,xeEA}. 
We have: 


(a) the set A+ a satisfies the Assumption [54]and the function x +» f(x — @) (defined 
on A + @) is quasicontinuous. 


(b) if f is integrable on A then we have: 
f(x-a@) ax = ffs) ax. 


At+@ 


2. ADDITIVITY OF THE INTEGRAL: let A; and Az be two disjoint sets which satisfy Assump- 
tion|54|and let f be defined on A, U Ax. We assume that ciPn and Fla, are summable 
(hence also quasicontinuous). We have: 
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(a) the set Ay U A2 satisfy Assumption [54]and Ff is summable on A, U Ao. 
(b) we have 


| fla) ax= | fla) a+ f f(x) dx (recall: Ay N Az = 9). 
A,UA2 Al A2 


3. if Ay N Ag # @ then: 


(a) the sets Ay N Az, Ay \ Az and Az \ A, (if nonempty) satisfy Assumption |54} 


(b) if f is defined on Ay U Az and f\,, and f\,, are summable then f is summable on 
Aj U Ad and 


J. fears [roo are f £09 av. 


Note that the statement [3]is consequence of the additivity of the integral since 
A, U Ao = (A, \ Az) U (A, N Az) U (Az \ At) = (disjoint union) 


and 
LAnAd (x) iad La, (x)1a, (x) > LaAi\A> (x) = max{1,, (x) = la, (x), O} : 
We conclude with two simple observations where we use the notation 


f-.w (x) = min{ f(x), N}. 


The theorem on the limits of monotone functions shows the following criterion of summability: 


Theorem 59 The quasicontinuous function f is summable if and only if the function 


eR [Ula dx 
(defined for N > 0 and R > 0) is bounded. 
The second observation is a consequence of the linearity and additivity of the integral: 
Theorem 60 Let f > 0 be summable. For every € > 0 there exists Nz and Rz such that: 
° ifN > Nz we have if [ f(x) - f-.n(x)| dx <e. 


° ifR>R-; we have fini. p f(x) dx <«. 


Lebesgue Integral and Improper Integral 


Theorem [52] (yet to be proved) shows that Riemann integral is extended and superseded by the 
Lebesgue integral. Instead, the Lebesgue integral for unbounded functions or on unbounded 
intervals does not supersede the improper integral since there exist even continuous functions 
which are important for the applications and which admit improper integral but which are not 
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Lebesgue summable. Important examples are the improper integral of the sinc function and the 


Fresnel integrals: 
+00 +00 9: 
. sin 1x 
sinc wx dx = dx =1, 
a -co -AX 


a O_ 


improper improper 
integral integral 
+00 +00 
“2 2 [% 
/ sin? x d= f cosx* dx =,/—. 
ess -_ 2 
——“TL__ -—_“—_ e———S__ 
improper improper 
integral integral 


1.4 Limits and the Integral 


Both the definition of the Riemann and the Lebesgue integrals have a common idea: first we 
single out a class of “simple” functions whose integral can be defined in an obvious way. Then 
we single out classes of functions which can be “approximated” with simple functions. Let f be 
a function in this class and {s,,} be a sequence of “approximating” functions. We prove that the 
integrals of the functions s,, converge to a number which is chosen as the (Riemann or Lebesgue) 
theorem of f. 

In the case of the Riemann integral, the simple functions are piecewise constant and the 
Riemann integrable functions f have to be uniformly approximated by piecewise constant func- 
tion. So, it is natural to expect that limits and integrals can be exchanged when “convergence” is 
uniform convergence. 

In the case of the Lebesgue integrals, the “simple” functions are continuous functions but the 
“approximation” is more general then pointwise convergence on an interval: it is “approximation” 
in the weaker sense of the existence of sequences of associated functions. So, it is natural to 
expect that limits and integrals can be exchanged under more general conditions. In fact we have 
the results which we state here and we prove in Chap. 

The first result shows that the request|4]in the seca satisfied by the Lebesgue interval. 
The proof is in Chap.[2|but, for the convenience of the readers who do not plan to study Chap. [2| 
at the end of this section we sketch the proof under restrictive assumptions. 


Theorem 61 Let {f,,} be a bounded sequence of quasicontinuous function defined on a bounded 


interval [h, k]. 
Let { fn(x)} converges to f (x) a.e. on[h, k]. Then the function f is bounded quasicontinuous 


and we have 
slim, [feo ar =f [jim 00] ar= [ foyee. 


The heavy boundedness assumptions in this theorem can be much relaxed and in fact we 
have: 


Theorem 62 (Beppo LEVI Or MONOTONE CONVERGENCE) Let {f,} be a sequence of integrable 
functions defined a.e. on R and let us assume that the following properties hold a.e. on R: 


1) O< fils) < fo), 2) tim fale) =f) ae w ER, 
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Then, f is integrable and 


+00 


lim fa(x) dx = i. f(x) de. 


n—+00 


Note that in this theorem the functions f;,, need not be summable. The assumption is that they 
are integrable. And the conclusion is that f is integrable, possibly not summable. The function 
jf may not be summable even if each one of the functions f, is. 

Concerning summability we have: 


Theorem 63 (LEBESGUE OF DOMINATED CONVERGENCE) Let {f,} be a sequence of summable 
functions a.e. defined on R and let fr — f a.e. on R. If there exists a summable nonnegative 
function g such that 

fn(x)| < g(x) a.e.xER 


then f(x) is sammable and 
too OS 
im [ fis) d= f f(x) dx. 


Sketch of the proof of Theorem We assume that the assumptions of the theorem 
hold and furthermore that a seemingly restrictive assumption holds too. So we assume: 


1. each function f;, is a.e. defined on [h, k] and it is quasicontinuous. 

2. there exists M such that | f,(x)| < Mae. x € [h, k] and for every n. 
3. the sequence converges a.e. x € [h, k], fy(x) > f(x). 
4 


. for every € > 0 there exists a multiinterval Ag such that L(Ag) < € and such that every 
fn is defined on [h, k] \ Ip, and furthermore: 


(a) the restriction (fn) tnt, is continuous. 
(b) the sequence { f,} is uniformly convergent on [h, k] \ £h,. 


Assumption[4]looks unduly restrictive but Egorov-Severini Theorem (Theorem[83]of Chap.|2) 
shows that it is a consequence of pointwise convergence. 
The key points of the proof of Theorem|6]]are the following ones. 


The limit function f is quasicontinuous. We use the assumption [4] we fix ¢ > 0 and a corre- 


sponding multiinterval A,. In order to simplify the following notations, we put 


H;=[h,k]\i{a, (note that Hz is closed). 


We associate to the restriction of f,, to H, the particular Tietze extension constructed in 
Theorem/30} via linear interpolation. This particular Tietze extension is denoted fh, «,e. 


Now we use the following steps: 
1. Assumption [4] and the statement [2] of Theorem [33] imply that the sequence n +> 
Sn.e,e(x) is convergent for every x € [h, k]. Let f be the limit function. 


2; Assumption [4] implies that the sequence {(f;,)|,,, } is uniformly convergent and it 
is a sequence of continuous functions. So, its limit fi a is continuous. 
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3. from (fn)in,(*) = fn(x) and fr(x) > f(x) for every x € He, it follows that 
S(x) = f(x) ifx € Ag. 
So, f\,,, 18 continuous and f is one of its Tietze extension4] 
This argument holds for every ¢ > 0 and so f is quasicontinuous. 
We prove convergence of the integrals. Once quasicontinuity of f is known we can replace f;, 
with f,, — f and we can assume f, > 0. 
We prove that if f,, — 0 a.e. then the sequence of the integrals converges to zero. 
Assumption|4]and Theorem[32|imply that { fn,2,e} converges uniformly to 0. 


We note 
Riemann integral Lebesgue integral 
k k k 
[tals ee= PO fyoeto dee f(s) = fnel)] ae 
h h h 
—— —<— ees 
Lebesgue integral A B 


The difference [ Tn(X) - fnce.e (x)| is zero when x ¢ Ja... This fact implieq| 
|B] < 2Me. 


The integrals A are Riemann integrals and the integrands converge uniformly to zero. So, 
|A| can be made as small as we wish by taking n large. 


This implies that for every o > O and every € > 0 there exists N = Nog,-~ such that if 


n> No,e we have 
k 
i Fn(x) dx} < |Al + |B] < ote, 
h 


as wanted. 


°by examining the limit process and the construction of f,,<,e we can see that f is precisely 
the Tietze extension of f, constructed with the method described in the statement of Theorem[30} 
10the proof is in Theorem|91]of Chap.2| 
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Appendix 


1.4 Riemann and Lebesgue Integrals 


In this appendix we sketch the definition of the Riemann integral and we characterize Riemann 
integrability of a function in terms of its points of discontinuity. Then we prove that every 
Riemann integrable function is Lebesgue integrable and that the two integrals have the same 
value. 


1.A.1 A Sketch of the Riemann Integral 


Functions which are Riemann integrable must be bounded and defined on a bounded interval 
which we denote [h, k] but the fact that the end points belong to the interval has no effect on 
integrability of the function or on the value of its Riemann integral. 

We sketch the definition of the Riemann integral and the relation of the Riemann integral 
with the oscillation of the function. 


The Oscillation of a Function 


We define the oscILLATION of a function on a set and at a point. 
Let f be a real valued function defined on a subset A C R. Let U be a set which intersects 
A: ANU #9. The osciLtation of f on U is 


Qf, U) = Sup) 7 at FO) : 


We fix a point x9 € cl A and we consider the intervals B(xo,r) = (xo — 17, x0 +r) ie. the 
neighborhood of xo of radius r. The function 


rhe OQ(f, B(xo,r)) 
is increasing, hence we can define the OSCILLATION OF f AT Xo aS 
w(fsxo) = lim Q(f, B(xo,7)) . 
r—0t 
The oscillation can be used to characterize continuity: 


Theorem 64 Let xo € A = dom f. The function f is continuous at xo if and only if w(f; xo) = 0. 


4] 
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Proof. Let f be continuous at xo and let ¢ > 0. There exists N such that for every n > N the 
condition |x — x9| < 1/n implies | f(x) — f(x9)| < €. So, 


1 1 
Ix-xol <>, ly-xol <> = If@)- fO)| < 2e 


and so 
n>N, = Q(f, B(x, 1/n)) < 2e. 


Then we have w(f; xo) = 0 since € > 0 is arbitrary. 
Conversely, let w(f; x0) = 0. Then, for every ¢ > 0 there exists 6 > 0 such that 


O<r<d = Q(f,B(x,r)) <e. 
In particular if x € B(xo,r) then |f(x) — f(xo)| < Q(f, B(xo,r)) <e. I 


We shall use the following result: 
Theorem 65 Let f be any function defined on [h, k| and let a > 0. The set 
Ag = Af,a = {x € [A,k] : w(fsx) = a} (1.28) 
is closed. 
Proof. We prove that if £ is an accumulation point of Ag then it belongs to Ag i.e. we prove that 
w(f3;*) >a. 


The neighborhood B(x, 1/n) contains a point ¥ € Aq and it contains also a neighborhood U of 
Xx. So, 


f(x) 


inf 
x€B(%,1/n) x€B(%,1/n) 


2 ¢fHt5 1m) =| sup f(x) - 


> 


> w(f3k) >a. 


sup f(x) — inf f(x) 
xeU xeU 
The inequality is preserved by the limit so that 


o( fsx) = lim | >a. I 


sup f(x) - 


inf 
x€B(%,1/n) x€B(%,1/n) 


f(x) 


Riemann Integral: the Conditions of Integrability 


Riemann integral of the bounded function f defined on the bounded interval [h, k] can be defined 
with several slightly different but equivalent methods. We sketch one. 
In the contest of Riemann integral, a paRTITION of [h, k] is a finite set P = {h;}o<;<n such 
that 
ho =h, hi < hist, hyn =k. 


We associate to the partition P the following numbers 
Li = hist —hi, 6(P) = max{l;} 


mj =M,,p = ers f(x) 5 M; = Mp = SUP ef hj .Aj41) f(x) : 
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Then we introduce the two piecewise constant functions y.,p and y_.p 


: X+ p(x) = M; > 
if x € [h;, hj+1) then ; 
[ +1) X-.p (x) =m; . 


As seen in Example/48} their Lebesgue integrals are the numbers 


k 
LP) = | X+,p(x) dx = NG! Mi(hiat — hi), 


nm———~_ 


Lebesgue 
integral 


k 
LPP) = : Vp OG mGia i: 


n@——_)> 


(1.29) 


Lebesgue 
integral 


It is clear that J_(f,P) < 1,(f,P) and in fact we have also 


I(f,P) < L(f,Q) 


even if P and Q are different partitions. 
By definition, the function f is RIEMANN INTEGRABLE when 


sup{I_(f, P)} = inf {L.(f, ryt 


and this number is its RIEMANN INTEGRAL: 


k 
| f(x) dx = sup{(f,P)} = inf. (f, P)}. 


—e—_>S>SE>——- 


Riemann 
integral 


It follows that every piecewise constant function is Riemann integrable and that its Lebesgue 
and Riemann integrals coincidg"\ This observations hold in particular for the functions y+,p: 
the integrals in are both Lebesgue and Riemann integrals. 

The following result is known: 


Theorem 66 Let f be a bounded function defined on [h, k]. The function f is Riemann integrable 
if and only if for every 0 > 0 there exists a partition P. of [h, k| such that 


L.(f,P)-L(f,P) <o. (1.30) 
If inequality (1.30) holds for a partition FP. then it holds also for any partition Q 2 P. 
So: 


Corollary 67 Let f be a bounded function defined on [h,k]. The function f is Riemann 
integrable if and only if there exists a sequence {P,} of partitions of [h, k| such that 


O(Pn) —0, LC f,Pn) -—1-(f,Pn) > 0. 


Nas stated in Example|48}and in the statement 2of Theorem|49] 
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In this case 


k 
Litt sco La( fs Pn) = lithys4oo i Xe, (8) dx 
| 


1 


n——_ 
k Riemann and Lebesgue 
/ f(x) dx = i i (1.31) 
alae ae, limps+co IL (f, Pn) = limp +0 i‘ X-.Pr (x) dx . 
Riemann fh 


integral 
Riemann and Lebesgue 
integral 


Remark 68 We stress the fact that the integrals on the right of (1.31) are both Riemann and 
Lebesgue integrals. 


A fact that has its interest is that the partitions P,, in (1.31) can be taken composed by 
equispaced points: for every n we can take a partition composed by the N = n + 1 equispaced 
points 


hi = hiw = h+ —(k—h), O<i<N. (1.32) 
We have: 


Corollary 69 Let f be Riemann integrable on [h, k] and let hj = hj,n be as defined in (1.32). 
Let xin € [hi,n, hi+1,n) be arbitrarily chosen. We have 


k N-1 
Jf fee ae stim YF )han ay hi). 


m—1/_]_——"“—_ 


Riemann 
integral 


Riemann Integrability and Continuity 


We noted in Sect. that continuity of a function can be formulated in terms of its oscillation 
and Riemann integral has a relation with the oscillation of the function since 


M; — m; = Qf, [hy, hist) - 


We use this observation and we reformulate Theorem|66]as follows: 


Theorem 70 The bounded function f, defined on [h, k], is Riemann integrable if and only if for 
every 0 > 0 there exists a partition P of [h, k| such that 


N-1 
Ie(f,P) — (FP) =D) QF, [his hie) (hint — hi) < or. (1.33) 


i=0 


If f is Riemann integrable then for every 6 > 0 there exist partitions P for which holds 
and such that 6(P) < 6. 
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This result suggests that we study in more details the relation of integrability and the 
oscillation of the function. 

The integrability test in Theorem{[70]can be reformulated as in the statement[2)of the following 
theorem.This reformulation of the test of integrability is often called the “Dini test’ after its proof 
in ['7| p. 242] but it had already been stated by Riemann. 

We use the following notation. Let ? be a partition of [h, k] and let a > 0. We put 


To = {i : QF, [hi hist) = a}, To- = {i : Q(f, [hi, hisi)) < a}. 


Theorem 71 Let f be a function defined on [h, k]. The following properties are equivalent: 
1. the function f is Riemann integrable. 
2. the function f is bounded and the following Dini TEst holds: for every e > 0 anda > 0 
there exists a partition P. of [|h, k] such that 


ay (hig = tye, (1.34) 


ielg4 


Proof. We prove that property[I]implies property|2| We assign ¢ and a (both positive). We apply 
Theorem[/O]with o = ea : there exists P such that 


N-1 
Ex > > Q(f, This his) (hist — hi) 


i=0 


= 1 QF, [his hier) (hist — hi) + D1 QCF, This hist) (hist — hi) 
——_—_—_—S eee —<<_SF5>F = 


ié€le,+ i€ly,— 
>a 20 >0 
2a Py (hist — hi) 
icly4 
So we have (1.34). 


We prove the opposite implication. We prove that the property in statement |2| implies 
the integrability condition in Theorem [70] We use boundedness of f, | f(x)| < M for every 
x € [h,k]. We fix any o > 0 and we apply the property in the statement|2| with eé = 0 /4M and 
a =a /(2(k —h)). Let P be a partition for which the inequality (1.34) holds with these values 
of ¢ and a. We have: 


N-1 
D5 QF, Las hist) (hint = hi) 


i=0 


<a@ 
=D) QC, [ai hist) (hist — hi) + QF, Ua, hiss) (ist — hr) 
ila. i€ly- 
<2M 


<2Met+a(k-h)<o. ¥ 


This result shows a relation between integrability and continuity: if x9 € (/;, hj41) and if 
w(f,xo) > a then? € Ig,4. More precisely, the next Theorem[72|holds. 
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Theorem 72 Let f be defined on [h,k]. The following properties are equivalent: 
1. the function is Riemann integrable 


2. the function is bounded and the following version of Dini test holds: for every a > 0 and 
é > 0 there exists a finite disjoint multiinterval A = {(a;, bj) }1<i<K such that 


L(A) <e, Ag ={x: w(f3x) za} Ch. 


Proof. The fact that Riemann integrability implies the property in the statement/2]is easily seen 
from Dini test. In fact, Dini test implies that 


ac i> V+] 1s a finite set, ence a null Set). 
A hj, h P (Pisa fini h II set) 


ic€lg.+ 


(sum of lengths) < € 


The multiinterval A is obtained by slightly enlarging [h;, hj) to (A; — 6, hj41;) with 6 so small 
that the sum of the lengths is still less then ¢; and then by covering the endpoints h; where 
w(f,h;) = a, if not yet covered, with “small” open intervals. 

Conversely, we prove that the property in the statement|2/implies Dini test. 

Let A be the finite disjoint multiinterval in the statement|2| We have 


[h,k] \ In C {x : w(f3x) <a}. 
Let xo € {x : w(f;x) < a}. There exists an open interval J, such that 
Qf, Leo) < @ 


and [h, k] \ Z, is a compact set such that 


[A\ Inc (J fe. 
xocAae 
Compactness of [h, k] \ J, shows the existence of a finite number of intervals /,,,..., J, such 


that 


[A,k] \ In € tgs Qf, Ix) <a. 
l<j<K 


By reordering the endpoints a; and b; of the intervals which compose A and those of the intervals 
Tx, we get a partition of [/, k] with the following property: if [/;, 4:41) is an interval determined 
by the partition then 


Qf, his hist) 2a = [hy, hist) S U(a;, bj) 


Y (his1 — hi) < Gi — aj) <&. 


iélg 4 


and so 


So, Dini test holds. # 


The property in the statement[2|of Theorem[72]implies: 
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Corollary 73 [f the function f is Riemann integrable then 
Aq = {x : w(f3x) = a} 
is a null set for every a. 


The main result of this section is the following one, independently proved in by 
Vitali and in by Lebesgue: 


Theorem 74 (VitTALI-LEBESGUE) The bounded function f defined on [h,k] is Riemann inte- 
grable if and only if it is a.e. continuous. 


Proof. The set of the points of discontinuity is the set 


LJ Ape =(JAram. 


a>0 n>1 


We use statement|2] of Theorem [72] if f is Riemann integrable then each one of the sets A ¢,1/n 
is a null set, and their union is a null set too. 

Conversely, let f be a.e. continuous. We prove that the property in the statement [2] of 
Theorem[72}holds. 

The set {x : w(f;x) > O} = UnstAf,i/n is a null set. It follows that Ay, is a null set for 
every a > 0. So, Ay, is a null set which is compact (see Theorem 65): for every € > 0 there 
exists a finite and disjoint multiinterval A such tha 


A = {(4, b1) , (G2, b2) +++ , (Gx, bx)}, L(A) <e 
Ag Ch. 
So, the integrability test is verified. 1 


In order to appreciate Theorem[74]the student should keep in mind that there exist functions 
which are a.e. continuous but such that the set of the points of discontinuity is dense. An example 
is the following function, which is the RIEMANN FUNCTION or THOMAE FUNCTION. 


Example 75 The function is defined on the interval [0,1]. We represent the rational points of 
[0, 1] as a fraction in lowest terms, i.e. p/q with p and q without common factors (different from 
1). This representation is unique if p/q > 0. Then we define 


0 if xER\Q 


1 if x=0 

fay y 9 7, 
— if x=-, p>o. 
q q 


It is clear that this function is discontinuous at x9 = p/q. In fact, let 0 < € < 1/q. Ir 
rational points exist in every neighborhood of xo and at these points the function is 0. So, 
Q(f; (xo — 7, x0 + o)) > € for every o > 0 and the function is not continuous at xo. 

Let now xo be irrational. We prove continuity at xo. 


12the fact that the multiinterval is composed by finitely many intervals is proved in Lemmal15} 
The multiinterval can be chosen disjoint since if two open intervals intersect their union is still 
an open interval whose length is less then the sum of the two lengths. 
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We fix any € > 0 and we examine the inequality 


If (x) — f(xo0)| = f (x0) < e. 
We recall that f(x) = 0 if x ¢ Q while 


f(p/q) = 1/4. 
The inequality 
: ZE 
q 
holds for finitely many values q,,..._ gx of the denominators. 


The fractions p/q € (0, 1] have p < g and so the set C: 
C = {p/q such that 1/q > e} 


is finite and 
dist (x9,C) > 0. 


Let i 
O= qiist (x0,C). 


When |x — xo| < 6 we have 

0 if xER\Q 

1 

—<e if xEQN(x-6,x +6). 


f(x) — f (x0) = 


So, f is continuous at every irrational point. #1 


1.A.2 Riemann and Lebesgue Integrability 


We invoke Lemma when the set of discontinuities of a function is a null set then f is 
quasicontinuous. So, we can state the following corollary to Theorem|74] 


Corollary 76 Any Riemann integrable function is quasicontinuous and (being bounded) it is 
summable. 


It remains to be proved that the Riemann and Lebesgue integrals have the same values. This we 
do now. First we prove the following property of the functions y+, and y_.v: 


Lemma 77 [f f is continuous at xo then we have 
stim xen(xo) = f(%0), im yw (x0) = f(x) 
Proof. we prove the statement for the functions y+... We must prove: 
Ve>O5N,: N>Ne => f(x0)-€ < X+,n(%0) < f(%o) +e. 
The assumption is 


Ve>Od6,: |x-xol<6- = f(xo)-e< f(x) < f(xo) +e. 
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We choose NV, such that 


Ne 2 
Let N > N, and let xo belong to the interval 


h+ig 


k- 
N 


h 
ht (io t+ | . 
Then 


f (x0) —€ < f (xo) S X+4,n (Xo) 


sup { Fx), x€ 


k-h k—-h 
h+to— At (ig + || < f(xo) +. 


This inequality verifies the thesis since ¢ > 0 is arbitrary. I 


Lemma{[77] holds for any function f. If f is Riemann integrable it is bounded and Vitali- 
Lebesgue Theorem implies: 


Corollary 78 Lef f be Riemann integrable on [h,k]. The sequences {yv+,n} and {y-,n} are 
bounded and a.e. convergent to f. 


Now we can prove: 


Theorem 79 /f a function is Riemann integrable then its Riemann and Lebesgue integrals have 
the same value. 


Proof. We use the definition (1.31) of the Riemann integral, the fact that the integrals on the right 
sides are Lebesgue integrals and, thanks to Corollary [78} Theorem [61] which shows that, under 
boundedness conditions, a.e. limits and Lebesgue integrals can be exchanged. 

When / is Riemann integrable we get: 


Riemann and Lebesgue Riemann and Lebesgue 
integral integral 
———— a 
k k 
foxmerde =f rawlay ae 
h h 
k k 
/ F(x) dx / f(x) dx 
h h 
o_]_ ne 
Riemann integral Lebesgue integral 
(by definition) (Theorem|61} 


So we have 


[ious [row 
Jn Ih 


Riemann integral Lebesgue integral 


as wanted. 
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Chapter 2 


Functions of One Variable: the 
Limits and the Integral 


In this chapter we prove the key theorems concerning the exchange of the limits and the integrals 
for functions of one variable. Similar theorems for functions of several variables are proved in 
Chap. [4] but we distinguish the two treatments since in the case of functions of one variable the 
treatment is simpler because we can use Theorem|33] 

In the course of our analysis in this chapter we introduce and use the important property of 
the absolute continuity of the integral. 


The key tool used in this chapter is Egorov-Severini Theorem which is proved here for 
function of one variable. The theorem holds for function of several variables too (see 
Chap (4). Once the theorem is proved, its consequences can be deduced with the same 
proofs regardless of the number of variables. In order to stress this fact, and in order to use 
the proofs give here also when the functions depend on several variables, in this chapter an 
interval is denoted R (initial of “rectangle” since the Tonelli construction of the integral of 
functions of several variables uses rectangles instead of intervals, see Ch. 3p. 


In order to streamline certain statements, it is convenient to recall Theorem|I17] ifO C Ris 
an open set then there exists A (disjoint multiinterval) such that O = J,. The corresponding 
number L(A) depends only on the set O and it is denoted A(O) (see the Definition|20). 


2.1 Egorov-Severini Theorem and Quasicontinuity 

It is convenient to note: 

Lemma 80 Let { fn} be a sequence of functions each one a.e. defined on an interval R; i.e., 
dom fy =R\Nn (Nn is anull set). 


Then we have: 


1. there exists a null set N such that every f, is defined on R \ N. 
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2. if each fy, is quasicontinuous then for every € > 0 there exists a multiinterval Ag such 
that (fn) ler, is continuous. 


Proof. The set V is N = UN,. In fact, we proved in Lemmaj|14]that Nisa null set. 
The multiinterval A, is constructed in a similar way: we associate a multinterval A, . of 
order €/2” to f, and we put Ag = UnsiAy,<. Il 


This observation shows that when working with sequences of functions each one of them 
defined a.e. on R we can assume that they are all defined on R \ N where N is a null set 
which does not depend on n. To describe this case we say (as in Chap.[I) that the sequence 
{fn} is defined a.e. on R. 


Now we give a definition: 


Definition 81 Let f,,, f be functions a.e. defined on a set K C R. We say that the sequence 
{fn} CONVERGES ALMOST UNIFORMLY to f on K when for every € > 0 the following equivalent 
statements hold: 


1. there exists an open set O such that 


A(O) < eand {f,,} converges uniformly to f on K \O. 


2. there exists a multiinterval A such that 


L(A) < e and {f,} converges uniformly to f on K \ Ip. 


We must be clear on the content of this definition. We illustrate its content in terms of open 
sets and we invite the reader to recast it in terms of multiintervals. 

We fix any ¢ > 0 and we find an open set Oz such that A(O;) < «€ and such that the 
following property is valid: for every a > 0 there exists a number N which depends on 
and on the previously chosen set Og, N = Ng,o,, such that 


eles = |frlx)-f@)|<c. 


The important point is that Oz does not depend ono. 
Finally we note: “{f,} converges uniformly to f on K \ O” is equivalent to “{(fn)|x\o} 
converges uniformly to f\,\”- 


Now we state the following preliminary result whose proof is in Appendix [2-A] 


Theorem 82 (Egorov-Severini: preliminary statement) Let {f,,} be a sequence of continuous 
functions everywhere defined on the closed and bounded interval R = [h,k]. If the sequence 
converges on R to a function f; i.e. 1f fy(x) — f(x) for every x € R, then: 


1. the sequence converges almost uniformly; 


2. the limit function f is quasicontinuous. 
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Theorem|82Iis a special instance of the Egorov-Severini Theorenj!|that we state now. Actually, 
the two theorems are equivalent since the second is a consequence of the first. 


Theorem 83 (EGorov-SEVERINI) Let {fn} be a sequence of quasicontinuous functions a.e. de- 
fined on the bounded interval R. 

We assume that for every € > 0 there exists a multiinterval A, such that L(Ag) < € and 
such that the sequence { fn} is bounded on R \ Sy, 

If the sequence converges a.e. on R to a function f (hence a.e. defined on R) then: 


I. the sequence converges almost uniformly; 


2. the limit function f is quasicontinuous. 


Proof. For clarity we split the the proof in the following steps. 


Step 1: First we use the assumption that the sequence has to be defined and convergent a.e. on 
R: whether R includes its end points has no effect. So, we can assume that it is closed. 
Then we use Lemma|80]and we find a null set NV C R such that each f, is defined on N 
and converges to f on R \ N. 


Step 2: Each f;, is quasicontinuous. We use again Lemma|80|and we see that for every ¢ > 0 
there exists A,, the same multiinterval for every n, such that: 


L(Ag) < &; 
fi, hh,; 


for every n the function (f), is continuous; 


Va\tg, 


the sequence {(fn } is bounded; 


Nar, 


nF WN 


the sequence {(fn } converges to fj Rh” 


Navn, 


We denote fn, the Tietze extensions of the functions (f,)| R\Ing defined by using the 
algorithm described in Theorem[30] So, for every n, fn, is a continuous function defined 
on R. We consider the restriction of fn,e to R. Thanks to the property [2|of Theorem|33] 
{fn.e(x)} converges for every x € R. So we can use Theorem |82} we assign €; > 0 
and we find a multinterval A,, such that L(Ag,) < €; and {f,,-} converges uniformly on 
R\ In,,- 


Step 3: Uniform convergence of continuous functions implies continuity of the limit, so {fre} 
converges on R \ Ja, to a function which is continuous on this set. 


Step 4: Now we consider the set R \ J, AcUAc, * The restrictions to this set of the functions f,,¢ are 
continuous and uniformly convergence holds. So, the limit is continuous on R \ Ja,u on 
But, on R \ Dpud,, We have fre (x) = f(x) and we know that on this set f,,(x) — f(x). 


Step 5: It follows that: 


* the restriction of f to R \ L/ AcUAe, is continuous; 


* the sequence {f,,} converges uniformly to f on R \ J, AcUAg, « 


lindependently published by Egorov in [9] and by Severini in (33). 
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The result follows since 
pai UA) <ete 


and both ¢ and €; can be arbitrarily assigned. I 


Remark 84 Egorov-Severini Theorem does not assume that {f;,} is bounded while it is assumed 
that the interval R is bounded. This is a crucial assumption which cannot be removed as the 
following example shows: let R = (0, +00) and let 


0 if x<n-2 
x-(n-2) if n-2<x<n-1 

fr(x) =4 1 if n-l<x<n+l 
n+2-x if n+l<x<nt+2 
0 if x>n+2. 


We have f(x) — 0 for every x but {f,(x) > 1/2} contains the interval [7 — 1,n+ 1] of length 
2 for every n. I 


In spite of this example we have: 


Corollary 85 Let { f,,} be a sequence of functions defined on Rand let f,(x) > f(x)ae.x ER 
The function f is quasicontinuous. 


Proof. We use the observation |I]of Remark [34] the function f is quasicontinuous if and only if 


its restrictions to every bounded interval [—k, k] are quasicontinuous. It is indeed so, by using 
Therem|83]on the bounded intervals. # 


2.1.1 Consequences of the Egorov-Severini Theorem 


We prove several consequences of the Egorov-Severini Theorem. 


Corollary 86 Let {f,,} be a bounded sequence of quasicontinuous functions a.e. defined on a 
bounded interval R. The following properties hold: 


1. let {fy} be either a.e. increasing or decreasing on R and let 
f(x) = lim f,(x) ae.xeER., 
n—+00 


The function f is quasicontinuous. 


2. Let f be either 
f(x) =limsup fr(x) or f(x) = liminf f,() ae.xeER. 
n—-+00 n—+00 


The function f is quasicontinuous. 
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Proof. Statement [I]is just a restatement of Egorov-Severini Theorem in the special case of the 
monotone sequences of functions. Statement|2]|follows from statement] ]since lim inf and lim sup 
are just limits of monotone sequences. In fact: 


lim sup fy(x) = lim 5°) (x) 
n—-+00 


n—-+00 


where 
dn) (x) = lim Unix)» 
We (x) = max { frsi(x)} - 
O<i<m 


Statement [5] of Theorem [41] shows that the 
functions wi, are quasicontinuous. 


For every n, the sequence m +> ws), is 


increasing so that 6 is quasicontinuous; 
and n oi is decreasing so that f is 


quasicontinuous. # 


liming f,(x) = lim $n’ (x) 
where 
n(x) = lim Yn (X) 5 
Wnam(x) = min {fusi(x)} 


Statement [5] of Theorem [41] shows that the 
functions wo, are quasicontinuous. 


For every n, the sequence m > wo, is de- 
creasing so that 6” 
nt o\? is increasing so that f is quasicon- 


tinuous. # 


is quasicontinuous; and 


It follows: 
Corollary 87 Let { f,} be a bounded sequence of quasicontinuous functions defined on a interval 


Rand let 


n> 1} 
n> Il}. 


(x) = sup{ fn(x) , 
w(x) = inf{fn(x) , 


The functions $ and wW are quasicontinuous. 


Proof. In fact 


(x) = lim Gn(x), dn(x) = sup{fe(x), 1<k <n} 
W(x) = im Wal), Wala) = inf (fee), 1k <n}. 


and the functions ¢, and &, are quasicontinuous for every n. I 


Finally we prove: 
Theorem 88 Let O be an open set. Its characteristic function 1g is quasicontinuous. 


Proof. We represent 


O=|JRn. Rn = (dn, bn), and Rp» NR; =VOifn #7. 


n>0 


Then we have 


Lo(x) = )) Mag.bn) (2) = >) De, (*) 


n>1 n>1 
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and the sum is either finite or a convergent series. The series converges for every x since the 
intervals R,, are disjoint so that for every x only one term of the series is different from zero. 

We know that the the characteristic function of an interval is quasicontinuous. So, if the 
sum is finite 1g is quasicontinuous as the sum of a finite number of quasicontinuous functions. 
Otherwise it is quasicontinuous thanks to Egorov-Severini Theorem. # 


Theorem|88]has the following consequence: 


1. if f is summable and if O is an open set then the integral of f on O exists 
[sever f revtotw ax. Q.1) 
R 


2. Let O be a bounded open set, 


=| ie Rn = (dns bn), and R, OR; =Oif ns j. 


n>0 


we can associate two numbers to the open set O: 


MO) =E({Rn}) = Yino1 A(Rn) = Dns fp Ur, ) dx 


Jy Lo(x) dx Je [Enzi Ur, (2)] dx. 


If the sums are finite they can be exchanged with the integrals and we have 


A(O) = | 1lo(x) dx. 
R 
We prove that this equality holds even if the series is not a finite sum: 


Theorem 89 We have: 


A(O) = | 1o(x) dx. (2.2) 
R 
Proof. We note: 
N N 
lo(x) = Jim Loy), On = U Ons Loy (x) = 2, I, (x). 


The function 1g,, is quasicontinuous. 
We must study the two equalities and (2.3b) below: 


1o(x) = limp soo Loy (x) = DES, Ir, (x) 
where 19,,(x) = 4 Lr, (x) (2-49) 


[roear= fd, 7) dx. (2.3b) 


The inequality 
loy (x) < lo(x) ae.xeO 
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implies 
N N 
aim >) fetan(s) de= Jim. J) tao ds < [ tots) ax. 


So, for every N we have 


[prov ax->) f 12,0 9. 


We prove that 
N 
o<as f tots) dx~)” [ t,(0) dr 
R “a/R 
=i 


for every N implies a = 0. 


N 
Lo(x) dx) Tr, (2) 


n=1 


> 7) dx (2.4) 


n=N+1 


“| 


Note that: 


1. the integrals in (2.4) are Lebesgue integrals, i.e. limits of Riemann integrals of associated 
continuous functions. 


2. the integrand of the last integral in is nonzero if x ¢ Uns n Rn. 


For every v we construct an associated continuous function of order 1/v of the integrand as 
follows: 


1. we choose an associated multiinterval A,., of order 1 /2v of the function 19 and we denote 


(lo)y 


an associated continuous function of order 1/2y. 


By definition the associated continuous function is a Tietze extension and we know that it 
is possible to choose an associated continuous function which satisfies the monotonicity 
property of Statement(3|of Theorem [30] 


The difference (1¢), — 1g is nonzero on J,,,, and L(A},,) < 1/2yv. 


N 


2. we choose an associated multiinterval A>.,, of order 1/2v associated to >) _, 


denote 
N 
» : . 
n=1 vy 


an associated continuous function of order 1/2n. 


1p, and we 


Also in this case we choose an associated continuous function which satisfies the mono- 
tonicity property of Statement/3]of Theorem[30} 
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The difference 
N N 
(>: tn] = » IR, 
n=1 y n=l 


is nonzero on Za,,, and L(Aj.,) < 1/2v. 


The function 
N 
Fy v(x) = (lo)y - ») in| 
n=1 y 


is an associated continuous function of order 1/v to 
N +00 
lo-)\tr,= >) dr,. 
n=1 n=N+1 


This associated function takes values in [0, 1] thanks to the fact that both the associated functions 
we chosen satisfy the monotonicity assumption and because 


N 
Lo(x) =)" Ir, (x). 


n=1 


By definition, the Lebesgue integral in is 


lim | Fy-y(x) dx . 
R 


y—too 


Riemann integral 


We investigate where Fy: can possibly be non zero: this is where the integrand in is non 
zero and also at the points of Z,, where A, = Aj. U Ap.y: 


+00 
{x : Fr-y(x) #0} ¢ LJ Rn| U La, 
N+1 
and 
+00 
Ss Rn| Uta, = Th 
N+1 


where A is a multiinterval such that 


7 1 +00 
L(A) <= 4 a L(R,)- 
» n=N+1 


We use Lemma[45]and we see that 


1 +00 
0<a< | Riss 2 > L(R,) (since 0 < Fy:ny(x) < 1). 
R Vv 


n=N+1 
n——_ 


Riemann integral 
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The Lebesgue integral is obtained by taking the limit for vy — +00. So we have: 


+00 


+00 
o<a< YS) La, (x)) de = lim J Fw) ae < > Ue): 
R n=N+1 yore JR n=N+1 


A Riemann integral 
Lebesgue integral 8 


This inequality holds for every N and the limit for N — +co gives a = 0, as wanted. I 


Remark 90 The statement of Theorem[89]can be written 


N N 
dim > / 1p, (x) of = a ne) dx 


and it is a first instance of the exchange of limits and integrals, the main goal of this chapter. 


2.1.2 Absolute Continuity of the Integral 


We prove that the integral is absolutely continuous, i.e. we prove the following theorent?| 


Theorem 91 Let f be summable on R. The set valued function 
ov f psy ax (O open) 
O 
is ABSOLUTELY CONTINUOUS in the sense that for every € > 0 there exists 6 > 0 such that 


AUO)<6 = [rere <eé. (2.5) 
O 


Proof. It is sufficient to prove the theorem when f > 0. 
First we consider the case that f is a bounded quasicontinuous function, 0 < f(x) < M on 
a bounded interval R. We combine and and we find 


0 f[ poyavem [rav=m f to(s ax= Mao). (2.6) 


So, absolute continuity holds when the integrand is bounded. 
We consider the general case of summable functions on R. We fix to numbers K and N such 
that 


j) F(x) dx — [ Acieon@de<epe. 
R R 


Then we use absolute continuity which holds when the integrand is the bounded function f,: (x): 
we fix 6 > 0 such that 


UO\< 6 = 0 f faceny(a) dx <e/2. 


this statement of absolute continuity is not the most general. The general statement is in 


Sect. Theorem|i92| 
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Then we have 


| f(x) dx < | FS haem Colde 
O O 


<fLF (2) -fs (KN) (x) ] dx < €/2 


+f faucm@) dx <e. | 


2.2 The Limit of Sequences and the Lebesgue Inte- 
gral 


In this section we prove the theorems concerning limits and integrals. We proceed as follows: 
1. in Sect. [2:2 T]we study the limits under boundedness assumptions. 
2. in Sect. [2.2.2] we study the case of sequences of nonegative functions. 
3. the general case is in Sect. [2.2.3] 


2.2.1 Bounded Sequences on a Bounded Interval 
We restate and prove Theorem|61] 


Theorem 92 Let {f,} be a bounded sequence of quasicontinuous functions a.e. defined on a 
bounded interval R CR. If 


lim | n(x) = f(x) a.e.onR 


then we have also 


lim fats) dv = ff pts) ae. 


n—-+oeo 


Proof. Due to the fact that the assumed properties hold a.e., to fix our ideas we can assume that 
R is closed. 

Note that f is summable since f is bounded and quasicontinuoug>| So, the integral on the 
right side is a number. 

By replacing f,, with f,, — f we can prove: 


In 7Oae. => | In(x) dx > 0. (2.7) 
R 


If R = [h, h] then integrals on R are zero and the result is obvious. So we consider the case 
that R = [h,k] with k > h. 


3quasicontinuity is the statement|I|of Theorem|83] 
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We rewrite the thesis in explicit form: 


we fix any ¢ > 0. We must prove the existence of N(e) such that 


(2.8) 
<€E. 


n>N(e) => if Fn(x) dx 
R 
We invoke Egorov-Severini Theorem: there exists an open set O such that 
A(O) < a » Jn — Ouniformly on R\O. 
We use the fact that R \ O is closed and we construct the Tietze extension fhe of fn. 
Theorem |32|implies 
lim fn.e =0 uniformly on R. 
n—+00 


So there exists N, such that 


n>N, => [tnetor as 


é 
<x. 
2 


The integral here is a Riemann integral and we know from the Appendix(1.A.2| that it is also a 
Lebesgue integral. 
Now we observe: 


Lebesgue Lebesgue and Riemann 
integral Lebesgue integral integral 
aS ——————— eee 


< + 


[ Frre(2) ar 


-| ) [fal2) — fare(x)] dx 
O 


/ fx) dx 


i [at —frels)] ax 
R 


FLje dx 
+ Lf trot | <é 
ee—.-_>E—_—————— 


<2MA(O)<e/2 (see (2.6))  <«/2 (whenn > Nz) 


as wanted. 


2.2.2 Sequences of Nonnegative Functions 


Let A be a set which satisfies Assumption[54} i.e. such that 1, is quasicontinuous. 
Let {f,} be a sequence of integrable functions on the set A. We assume f,,(x) — f(x) on 
A. Furthermore we assume that the functions are nonnegative: 


fn(x) 20 so that f(x) = O too. 


The set A can be unbounded and the functions can be unbounded too. So, the functions are 
integrable on A, possibly not summable. 
We extend the functions with zero. We get nonegative integrable functions defined on R: 


fe) 20, lim fals)= fe) Wr eR. (2.9) 
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Corollary [85] shows that f is quasicontinuous and it is integrable since it is nonnegative. We 
investigate the relations among the integrals. This can be done by lifting to this case the result 
we proved in the case of bounded sequences on a bounded rectangle. 

We consider the interval Br = [—R, R] and we define 


fir,ny (x) = [min{ f.(x), N}] 1p, (x). 


The support of f(r,1) is compact and | f(r,1)(x)| < N. Then we define 
fn: (R,N) (*) = min{ f(x), for.) (x)} . 


So we have: 
lim Sn: (RN) (x) = S(R,N) (x) Vx ER. 


n—+00 


The support of fn: (R,N) 18 compact, contained in the bounded interval Br. So, for every fixed R 
and N we can apply the result in Sect. We have 


(Theorem 


[fame dx = lim J frscrayt ax =timint [fry (0) dx 
R n—+00 R n—-+00 R 


< timing [f,(2) dx =timint [f,(2) dx. (2.10) 
+00 Jp n>+00 Ja 


n—- 


The inequality in the second line follows from the monotonicity of the integral, since f,,(R,N) (x) < 
Fn(x) for every x while the last equality, i = 7 ‘4; holds because the functions are originally de- 
fined on A, then extended to R with zero. 

Inequality implies the following result, which is known as Fatou Lemma, proved 
in (10): 


Lemma 93 (Fatou) Jf {f,} is a sequence of nonnegatrive functions which are integrable on a 
set A and if fy(x) > f(x) ae. on A then we have 


J te) x stimine [pyc ax. (2.11) 
A nto Ja 


Proof. Inequality (2.11) follows by using again the fact that the integral on A is the integral on R 
of the extension with zero, and from the definition of the integral given in Sect[1.3.3} 


i f(x) de = [ Flo) de = im, i, fxm) dx. 1 


If it happens that the sequence of nonnegative functions {f,} is increasing then we have 
Beppo Levi Theorem|62(|(first proved in [22]) that we restate: 


Theorem 94 (Beppo LEvI Or MONOTONE CONVERGENCE) Let {f,} be a sequence of integrable 
nonnegative functions on A and let 


0 < fala) S frti(x) ae.x eA, lim | fn(x) = f(x) aexe Ad. 


Then we have 


lim | f,(x) dx = 7 f(x) de. (2.12) 
A A 


n—+00 


2.2. THE LIMIT OF SEQUENCES AND THE LEBESGUE INTEGRAL 63 


Proof. Monotonicity of the integral gives 


J too ax s f £09 os for every n so that slim, [tals a < ff £00 ax. 


Fatou Lemma gives 


I f(x) dx < limint [ fax) dx = lim I fal) de. 


The required equality follows. t 


Remark 95 Note that the assumption that the sequence is monotone increasing is crucial in the 
Beppo Levi Theorem. Let us consider the sequence of the functions f = 1[n,+0.0). This sequence 
is decreasing and 
lim f,(x) =0 Vx 
n—+00 


but the integral of every f,, is +co: Beppo Levi Theorem cannot be extended to decreasing 
sequences. 
Note that this example shows also that in general the inequality in Fatou Lemma is strict. 


2.2.3. The General Case: Lebesgue Theorem 


Now we consider the case that the functions f,, do not have fixed sign and we prove Theorem|63} 
which we restate: 


Theorem 96 (LEBESGUE OF DOMINATED CONVERGENCE) Let {f,,} be a sequence of summable 
functions a.e. defined on A © Rand let fy — f ae. on A. If there exists a summable 
nonnegative function g such that 


lfn(x)| < g(x) a.e.xeEA 


then f is summable and 


tim f fuix) d= ff fs) a. (2.13) 


Proof. The function f is quasicontinuous thanks to Corollary[85| 
The assumption imply that every f;, is summable and that 


If(x)| S g(x) 


so that also f is summable. Hence we can consider the sequences {g + f,} and {g — f,} which 
are both sequences of nonnegative functions. 
We consider the sequence {g + f,}. Fatou Lemma gives 


[ g(x) de + [ f(x) de = [ [e(x) + f(a)] de 
< liminf [ [e(x) + fa(a)] dx = i (x) de + lim inf i Fale) dx 
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so that 


f reser stimine [pyc av. (2.14) 
A nto Ja 


We consider the sequence {g — f,}. Fatou Lemma gives 


[ g(x) dx - [ F(x) de = [ [9(x) — FO] dx 
< lim inf I [e(x) — fa(a)] dx = i g(x) dx = lim sup if fal) de. 


So we have 


| f(x) dx > lim sup | fn(x) dx. (2.15) 
A n—+00 A 
The required equality (2.13) follows from (2.14) and (2.15). 


Remark 97 The result which holds for bounded sequences on bounded sets has been used to 
prove Fatou Lemma, which is then used to prove Beppo Levi and Lebesgue theorems. Actually, 
these three results, by Fatou, by Beppo Levi and by Lebesgue can be proved in different order. 
The reader can see for example the books [31]. From an historical point of view, Beppo 
Levi theorem was proved first, after the proof of Lebesgue concerning the bounded case. I 


Appendix 


2.A Egorov-Severini: Preliminaries in One Vari- 
able 


In this section we prove Theorem|82|for a sequence of functions of one variable. 
We split the proof in several parts. 


2.A.1 Convergent and Uniformly Convergent Sequences 


Let { f,} be a sequence of functions defined on a set R. We recall Cauchy theorem and we recast 
convergence of {f,(x)} without the explicit use of the limit function. The sequence {f,(x)} 
converges if and only if for every « > 0 there exists M = M(e,x) such that 


m2 M(e,x),r,sEN => |fmsr(x) - fints(X)| < €.- (2.16) 


The sequence {f,,} converges uniformly on a set S € R when for every € > 0 there exists 
M = M(e) such that 


m>M(e),r,sEeN = |finer(®) - fints()| < € Vx eS. (2.17) 


We stress the fact that M(e) does not depend on x. 
This observation suggests the introduction of the following functions: 


Vnm(x) = max{| finer (X) — fines (X)| Lr <n, l<s<n}, 


(2.18) 
Wm(X) = sup{Vpm(x) n> 1} < too. 


These functions have the properties described in the following lemma: 


Lemma 98 Let { f,} be a sequence of functions defined on a set R and let Vnm(x), Wm(x) be 
the functions defined in . We have: 


1. monotonicity properties: 


(a) for every x € R and every m, the sequence n +> Vy,m(X) is increasing. 


(b) the sequence m +> Wy,(x) is decreasing. 


(monotonicity of the two sequences needs not be strict). 
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2. the convergence of the sequence n +> f(x) for a fixed value of x: 


(a) letnt> f,(x) converge. Then the sequence n > Vy.m(x) is bounded so that 


Wm(X) = SUP Vp m(X) = lim va m(x) ER (2.19) 
n> n—+00 
and we have also 
lim Wm(x) =0. (2.20) 


(b) let limm—s+oo Wm (x) = 0. Then the sequence n> f,(x) converges. 
(c) let S be a subset of R. The sequence { f,} converges uniformly on S if and only if 


the sequence {Wm} converges to 0 uniformly on S. 


3. let S CR. Let us assumd4| that each function (fn), be continuous on S and let € > 0. 
The set 
Ame = {x € S,Wm(x) > €}. 


is relatively open in S. 


Proof. The monotonicity property of Vy,m(x) is obvious. We prove that m +> w,,(x) is 
decreasing. We note: 


Wmai(x) = sup{sup{| finstar(X) — finstes(x)| lL r<n,l<s<n}} 
n>1 
= sup{sup{| finsr (x) = fins (X)| 2<r<n+l1,2<s<nt+ 1} } 
n>1 
< sup{sup{| finer (x) — fires (x)| Ll sr<nt+1,1<s<n+1}} 


n>1 


= sup{sup{| finer (X) — frnts(X)| lL sr<n,l<s<nt}}=wp(a). 
n21 
We prove statement |2a] Boundedness holds because 


Vim(x) < 2sup{|fx(x)|, k = 1} < +00 since { f,(x)} is convergent . 


So, (2.19) holds. Property (2.20) is seen by contradiction: if the limit is /) > 0 then for every m 
we have 
Wm(x) = lim Vym(x) > lo > 0 
n—-+00 


and for every m there exists N = N,, such that when n > N,, we have 


Io 
nym Oak 
Ynum(#) > 5 


So, for every m there exist r and s such that 


[fier (X) — fines (x)| > 2. 


4we are not assuming continuity on S of the functions f,,. We assume the weaker property 
that their restrictions are continuous. 
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This is not possible since { f;,(x)} is a convergent sequence, see (2.16). 
We prove statement [2b] If W(x) — 0 then for every € > 0 there exists M = M(e,x) such 
that 
m>M(e,x) = wWm(x) <e 


so that, when m > M(e, x) we have also Vym(x) < € for every n i.e. 
m>M(e,x) => |fmer(X) — fints(X)| <e€ Vr, s. 


This is Cauchy condition of convergence. 

We prove the statement [2c] We note that a sequence which converges uniformly to 0 is 
bounded. For this reason boundedness of {w,,} has not been explicily stated. 

Let {f,} be uniformly convergent. The definition of w,,, and condition shows that for 
m > M(e) we have 0 < w,,(x) < & for every x € S. Hence, if {f,} converges uniformly on S 
then {w,,} converges to zero uniformly on S. 

Conversely, let {w,,} converge uniformly to zero. Then for every € > 0 there exists M(e) 
such that 

m>M, = 0 W(x) <e VxeS. 


And so when m > M(e) we have also 
0 < Vam(x) <é Vxe S, Vn > 0 


and this is the property that {f,} is uniformly convergent on S. 
Finally we prove statement|3| Let x9 € Am,~ So that 


Wm(x0) = €1 > €. 


We prove the existence of an open set B such that x9 € Am,-  B. 
We fix any o; € (€,€). There exists n; such that vy,,m(x0) > a1 and so there exist r(m1) 
and s(n,) such that 


| f+r (ny) (Xo) = fines(ny) (Xo) | > O71. 
The restriction to S of the function x +> | finir(n) (*) — fints(n1) (X)| is continuous. So, for 
every 02 € (€, 01) there exists an open ball B of center xo such that 


| fr (ny) (X) 7 fints(n) | >O02>€ Vxe BOS. 


Hence, 
xEBNS = wnylx)> 02> 


and sox € AN B: any point xo € A belongs to its relative interior, as wanted. I 


Remark 99 Note that nowhere in this proof we used the fact that R C R. The result holds and 
with the same proof (a part interpreting | - | as a norm) also if R C R%, any d > 1 (and in fact if 
R is any normed space). # 


We stress the fact that the statements [2a] [2b] and[2clof Lemma[98]recast pointwise conver- 
gence of the sequence { f;,(x)} in terms of the convergence to 0 of the sequence {w,,(x)} 
and uniform convergence of { f,,} in terms of uniform convergence to zero of {wim}. 


68 CHAPTER 2. LIMITS AND INTEGRALS: ONE VARIABLE 


2.A.2 The Two Main Lemmas 


We recall that any open set in R is the union of a sequence of disjoint open intervals, 


O= So Rn, Ry pairwise disjoint open intervals . (2.21) 
n>1 


Thanks to this observations, we can use Definition[20] we represent O as in (2.21) and we put 


A(O) =D L(Rn) = L{Rn}) - (2.22) 


n>1 


In this section we prove two lemmas. The first lemma concerns decreasing sequences of 
open sets. In order to understand this lemma we must keep in mind that a decreasing sequence 
of open sets may have empty intersection, as in the example O, = (0, 1/n). But, in this example 
we have 2(O,,) — 0. Instead we have the following lemma which we formulate both in terms of 
multiintervals and in terms of open sets: 


Lemma 100 The following (equivalent) statements hold: 


Let {An} be a sequence of disjoint multiinter- | Let {On} be a sequence of open sets. 


vals in R¢. We assume: We assume: 

1. the existence of a bounded interval R 1. there is a bounded interval R 
such that Ip, © R; such that O, © R; 

2. every multiinterval A, is disjoint; 2. the sequence is decreasing, 

i.e. , Ons © On for every 

3. In,,,, © Ly, for every n, i‘ 

4. there exists 1 > 0 such that L(A,) > 1 Suis utero I sO Sh dha 
for every n. MO) > 1. 


under these conditions Nn>1Lp,, = 9. under these conditions Ny>{On # 9. 


Proof. We divide the proof in two parts: first we present few preliminary observations and then 
we use them to prove the lemma. 


Preliminary Observations on Sequences of Intervals We assume that A is a 
disjoint multiinterval (which is the case of interest in the proof). 


1. The length of an interval does not change if we add (or remove) the endpoints. So we can 

define 
L([h, k]) = L((h, k}) = L([h, k)) = L((h, k)) =k —h. 

2. If R is an open interval and ¢ > 0 there exists a closed interval S C R such that 
L(S) > L(R) -«. 

3. if S is an open interval and A = {R,,} is a multinterval, the multiinterval {5 1 R,} is 
denoted SN A. 
We use the notation $M A to denote the sequence {SM R,,} also in the case that S is closed 


or half closed. Then we can extend the definition of L and we can define 


L(SN A) =) L(S0 Rn). 


n>1 


2.A. EGOROV-SEVERINI: PRELIMINARIES IN ONE VARIABLE 69 


It is clear that 
L(SM A) < min{L(S), L(A)}. 


4. Let A = {R,} be a multinterval such that L(A) < +00. and let ¢ > 0. There exists a 
sequence of closed intervals S,, = [hyn, ky] © Ry such that 


Yen — tn) > L(A) - 8. 


n>1 


5. Let A = {R,} and A = {R,} be two disjoint multiintervals. We assume 


i =| Riel Reta: 


n>1 n>1 
This inclusion shows 


L(A) = > (>: L(Ry ok) = SY) LRn NA). (2.23) 


n>1 \k>1 n>0 
6. If S C Rand A = {R,,} then we have 


(JRO Rn) = (Unz1 (SO Rn)) LJ (nei (R \ S) 0 Rn) 


n>1 


and the intervals which appears in these expressions are pairwise disjoint (since A is 
disjoint). So we have 


L(R A An) = L(S 0 An) + L((R \ S) 0 An) (2.24) 


Note that the intervals in $A, and in (R \ S$) NA, need not be open and so we used the 
extended definitions introduced at the point{I] 


In order to facilitate the use the previous observations in the proof of Lemma it is 
conveniente to call “multiinterval” any sequence of intervals, possibly not open. 


After these preliminaries we prove the Lemma. 


The proof of the Lemma We note that Assumption|3]and the monotonicity of the 
measure imply that the sequence {L(A,,)} is decreasing. We put 


lim L(A,) = lo (assumption 4]implies lo >1>0). 
n—+00 


We introduce the notation 
An a {Rn ktkz1 : 


and we proceed with the following steps. 


Step 1: We prove the existence of Rj ,x, and of 1; > 0 such that 


L(Rik, NAn)>h>O0 = Wn>2. (2.25) 
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Then we prove the existence of a closed interval S$; such that 


S; CintRy x, suchthat L(S;NA,)>h>0 Wn>2. 
So: limp sco L(S1 N An) =h =f > 0. 


Note that these conditions imply 

Si#0, L(Si)>h>0 
(it will be 7; = 7/2 = 1/4 but the actual value has no role. The important point is that it 
is positive). 


The proof that these intervals exist is postponed. 


Step 2: We consider the new sequence of multiintervals {S; M Ay}n>2. The properties 
hold for this sequence and so we can apply the procedure in the Step | to the sequence 
{51 A An}nz2: there exists a interval Rz,;, such that 


L ((S1 0 Ro.) (SiN An)) > >0  Vn>3. 
Then we choose a closed interval S2 such that $2 C int S; 1 R2,x, and such that 


L(SxN(S,NAn)) > hb >O Wn>3- and we put 
limys4oo L ($29 (8S, N An)) = hb > 0. 


Note that 


S; closed nonempty, L(S,) > hh >0,S; CintRi x, , 
Sz closed nonempty, L(S2) > b >0, 
{ So € int S} Nint Ro,4, C int Ron, , 


: ; : ie. So € (intR NM (int R : 
So C int S; Mint Ro 4, € int Sy C Rix, = ( 1k) ( 2.ka) 


The assumptions of the lemma hold for the sequence {529 (S$; A,)} and the 
procedure can be iterated. 


In conclusion: We single out a sequence of intervals {R,,,x,, } and we construct a sequence {S,,} 
of closed intervals such that 


L(S,) > 0 for every n, hence S$, #9 , 
eres (int R}.x,) » Sng int. 


Assumption|I implies that the interval S; is bounded and, as we noted, the closed sets S,, 
are nonempty. The sequence {S,,} is decreasing. Cantor theorem implies the existence of 
x0 € Nnz1 S n- 


In particular we have 
xo € Sj C int Rj,~, C int Ly, for every j 


as wanted. 
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In order to complete the proof it is sufficient to prove the existence of the intervals R,~, and S, 
described in the Step 1. 
First we prove the existence of k; such that 


L(Rik An) >1/2=h = Vn 2. 


The assumptions[I]and[2]imply 
SY) L(Ri,4) < +90 


k>1 


so that there exists m, such that 


> L(Ri.«) < ; (2.26) 


k>m,+1 
The assumptions|2|and3]and the equality (2.23) imply that for every n > 2 we have 
E(A,) =) Eig A,) 
k>1 


so that from (2.26) and Assumption|4] we have 


DS L(Ri,k An) < 1/2 Yn >2 (2.27a) 
k>mj+1 
> L(Rik An) > 1/2 Yn >2. (2.27b) 
k=1 
We show: 
cE & 
5k, <m : Wn > 2 we have L (Ri,4, MN An) > =. (2.28) 
m 


The proof is by contradiction. If this property does not hold then for every k < m there exists 
ny > 2 such that 

L(Rig Ay.) S ree 
Let 

N =max{n,,...,Mm}. 


The inclusion J,,, © J Ans and the monotonicity of the measure imply 


m m 1 

» L(R1,4.0 An) < Sy L(R1« AN An) < 7 

fal k=1 ——~——— 
<1/4m 


in contrast with (2.27b). 


So, property (2.28), i.e. (2.25), holds. 


We use the Preliminary observation [2]and we choose any closed interval S; such that 


i 
Si CintRi,, L(Rieg\S) < - 


We use (2.24) and we get 


TZ CHAPTER 2. LIMITS AND INTEGRALS: ONE VARIABLE 


: i 
Ah os LR A An) = LS) 9 An) + LOR \ $1) 9 An) < LOS) 9 An) + . 


Ly 
LSM An) = > hh >0 Wn>2. 
The proof is finished. § 


Remark 101 We observe that the lemma does not hold if the boundedness assumption [I] is 
removed, as it is seen by considering the sequence of the intervals [n,+00). #1 


The second lemma is a weaker version of Theorem|82|and in fact it is the core of its proof. 


Lemma 102 Let R = [h,k] be a bounded and closed interval and let { f,} be a sequence of 
continuous functions defined on R. We assume that the sequence { f,(x)} converges for every 
xeER. 

We prove that for every pair of positive numbers y > 0 and n > 0 there exist 


1: a disjoint multiinterval A,,, (which is composed of open intervals) such that 
L(Ay,n) = A(Ay,9) < Y (where we put Ay,n = Da,,.,) : 
2: anumber M,,,, such that 


xER \ Dh, =R \ Ayn 
m > My, = |fmer (x) — fints(x)| <7). 
r>0,s>0 


Proof. We recast the thesis of the lemma in terms of the functions w,,(x) defined in as 
follows: for every y > 0 and n > 0 there exists a disjoint multiinterval A, (composed of open 
intervals) such that 


L(Ay,n) < y and 


xeR \ Lay.» 
{ n> Myx => W(x) <7 
This we prove now. 
Let 7 > 0 and>| 
Am,n = {x € (h,k),Wm(x) > 7/2}. (2.29) 


We proved in the statement/3]of Lemma|98jthat the set A,y,,, is open. So, there exists a disjoint 
multiinterval A,,,,, such that Aj, = L, eee (see Theorem|I7). 
If x € (h,k) \ Ja,,,, = R \ Amn we have 


™m, 17 


Wm(x) < 7/2. 


5note that in the definition below A,,, is defined in terms of (h, k), the interior of the interval 
[h, k]. 
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We note 
lim L(Am,) = 9. (2.30) 


In fact, the sequence m +» w,,(x) is decreasing so that 


ee = Am+1.n < Am,n < Lp 


m,7 * 


It follows that {L(Am,7)} = {A(Am,7)} is decreasing too and limy—40o L(Am,7) exists. 
If the limit is positive then there exists / > O such that 


L(Am,n) > 1 >0 Vm 


and, from Lemma}! 00jthere exists x9 € Ly, forevery m. So, for every m we have wm (xo) > 9/2. 
Statement |2alof Lemma|98|shows that the sequence { f,,(xo)} is not convergent, in contrast with 
the assumption. So it must be 


im L(Am,n) = im A(Am,7) =0. (2.31) 
It follows that there exists M,,,, such that when m > M,,,, then we have 


Y7 
L(Am,n) < Y> 
x € R\ Ipcm.n) => W(x) <n/2 <7. I 


Remark 103 (Important observation) The sets A,,,,, can be chosen with different laws, for 


example by replacing 7/2 in (2.29) with 7/3, or by replacing Ajm,,, in (2.29) with larger open 
sets, provided that (2.31) holds. So, the number M,,,, does depend also the chosen set Ajn,7. 


2.A.3 From Lemma|(102/to Theorem 


For clarity in the next box we report the statement of the weaker version in Lemma and 
we recast statement [I]of Theorem |82] with the notations in the Definition[81]but in terms of the 
functions w,, defined in (2.18). 


The functions w,, are defined on a bounded closed interval R. 


Under the assumptions of Lemma{102 We must prove 
we proved 
For every y > 0 and 7, > 0 there exist an Ve > 0350, such that 
open set Ay, and a number M,,,, such O; is open and A(O,) < € and 
that Vo >04M > 0 such that 
ifxe R\Oz,m>M 
A(Ay,») aed { then wy(x)<o . 
ifm > M,,, and x ¢ Ay, 
then Win(x) <7. The number M depends on the previously 
chosen and fixed set O, and onc. 


The important fact to be proved is that O, does not depend ono. 
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The proof consists in this: we devise a procedure to replace the sets A,,,,, which depends 
on the two parameters y and 7, with a set O which depends solely on one parameter ¢. The 
procedure uses the following steps. 

Step 1: In this step we use the given number € > 0. The number c is not used. For every natural 
number n we do the following: 
Step 1A: we apply Lemma with 

_€é all 

a Qn : 1 = n° 


We find an open set Ay, = Ag,n and a number M,,,, = Mz,n such that 


Y 


1 
x¢Aen, m>Men = Wm(x)<-. 
n 


Important observation: We recall from Remark that the number M,,,, does depend 
also on the set Agn. SO, Men = Mn, Ag n> 


Step 1B: We define 
+00 
Og = LJ Azn So that 
n=l 


For every no the following holds: ifm > Mz, and x ¢ O, then w»(x) < 1/no 
since 


O,; is open, 
A(Ozs) <€. 


x¢€O, => x¢Azen- 


And, we again note that M,,,, does depoen on Og, 
Me,no = MnO. - 


Sep 2: Neither ¢ nor O, are changed in this step. In this step we take into account the number 
o and we proceed as follows: we fix the least number n such thaf9| 


| 

—|4+1. 

o 

The number M,.,,, does depend on O, andona: Men, = Mo,o, but, as we stated, € 
and O, are kept fixed. So, M,,9,, changes only if a is changed. 


If m > Mo.o, and if x ¢ O; we have 


—<o ie. n=ng= 
n 


1 
Wm(x) < — <o 
No 


since x ¢ O, implies x ¢ Agn,. 


Step 3: Once ¢ > 0 and O, have been fixed, the set O, and the number M,, 9, just constructed 
satisfy the required properties and so the Egorov-Severini Theorem is proved. I 


Remark 104 The proof of Theorem|82|uses the assumption that R is bounded, hidden in the use 
of Lemma ' 


6|-| denotes the integer part. 


Part II 


Functions of Several Variables 


ys) 


Chapter 3 


Functions of Several Variables: the 
Integral 


In this chapter we define the Lebesgue integral for functions of several variables. We assume 
familiarity with the elementary topological notions of sets in R¢ and with Chap. [1]since, once 
the Tietze extension theorem in R@ is known, the procedure which leads to the construction of 
Lebesgue integral for functions of several variables is essentially the same as that for functions 
of one variable. 

In this chapter we do not discuss the exchange of limits and integrals. These theorems are in 


Chap. 


3.1 Rectangles, Multirectangles and Null Sets 


We call RECTANGLE a set R C R@ which is the cartesian product of d intervals of the real line 
d 
R= I] ie. 
k=1 
When the intervals are open , J; = (ax, bx), the set R is the set of the points 
X=(X,,%2,...,Xq) suchthat ay <xp < dy. 
When the intervals are bounded and closed, J, = [ax, bx], the set R is the set of the points 
X= (X1,%2,...,Xa) suchthat ag <x_ < bx. 


When ax, = bx, for at least one value of the index then the rectangle collapses to a “face”, a 
rectangle in lower dimensions. If ax = bx for every k the rectangle collapses to a point. The 
important observation is that a rectangle is a nonempty set. 


From a geometrical point of view, the rectangles we are going to use are not arbitrary 
rectangles: they have faces parallel to the coordinate planes and sides parallel to the 
coordinate exes. 

When using the term “rectangle”, this fact is always intended and not explicitly repeated. 


qd 
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We recall that the length of an interval is the distance of its end points. The length of an 
interval whose endpoints are a, and b; with by > ax is 


LU) = be — ax. 


Open, closed or half closed intervals with the same endpoints have the same length. If the interval 
is open then by > ax and the length is positive. 
The voLuME! of the rectangle is 


d 
L (f | =| | 2%). 
k=1 


k=1 
Facts to be noted: 


¢ if a rectangle collapses to a face, i.e. if one of the intervals collapses to a point, then 
L(R) = 0. Only in this case we may have L(R) = 0. In particular, the volume of an open 
rectangle is positive. 


* the volume of a rectangle does not depend on its topological naturd?| Lint R) = L(cl R). 
The key notion we shall use is that of multirectangle. 
Definition 105 A MULTIRECTANGLE is any finite or numerable sequence of rectangles. 


The rectangles of the sequence are the COMPONENT RECTANGLES Of the multirectangle. I 


Remark 106 As in Remark [9] we note: the term “finite or numerable sequence” is not strictly 
correct. We use it to intend that the domain of the index is either N ora finite set, say1 <n < N.1 


Important observation 


A multiinterval is a multirectangle in dimension | but we note an important difference. 
According to the definition in Chap. |1| a multiinterval is composed of open intervals. 
Definition |105}is more general since nothing is assumed on the topology of the component 
rectangles. 


As in the case d = 1, we associate a number and a set to any multirectangle A = {Ry}: 


L(A) = S73 L(Rn) he [J Rn. 


This number L does not change if the rectangles are taken in different order. It is important 
to note that the number L(A) does not change if the component rectangles Ry, are changed by 
adding or removing parts of their boundaries. 


‘i.e. the length in dimension | and the surface in dimension 2. 

in the next equality there is a minor abuse of language: if the rectangle is degenerate, i.e. 
if L(R) = 0, then its interior is empty and we did not define the volume of an empty set. The 
equality holds also for degenerate rectangles provided that we complete the definition of the 
volume by imposing L(@) = 0. 
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As noted in dimension 1, L(A) cannot be interpreted as an “area” or a “volume” since the 
component rectangles may not be pairwise disjoint. 

The introduction of the notion of multirectangle and of the number L allows us to define null 
sets. 


Definition 107 A set N is a NULL set when for every € > 0 there exists a multirectangle A, such 
that 
L(Ag) <eé and NCIp,. 


A property of the points of a set A which is false only when x belongs to a null subset of A 
is said to hold ALMOST EVERYWHERE (sortly A.E£.) on A. 


This definition looks different from the corresponding definition in dimension 1 since here 
the rectangles need not be open. In fact: 


Theorem 108 A set N is a null set when for every € > O there exists a multirectangle Ag 
composed of open rectangles such that 


L(Ag) <e and NCTa,. 
Proof. Let N be a null set and let ¢ > 0. We construct a multirectangle A,, such that 
A, is composed by open rectangles 
L(Ag) <eé 
NCI, . 
By assumption, N is a null set. Hence, there exists a multirectangle A, such that 
E 
L{As) <5; NCIy,. 
Let Az = {R,}. By slightly enlarging the sides of R, we construct an open rectangle R, such 
that 


arReR,, ie < ER) <n 


The required multirectangle is A, = {Ry}. 0 


Arguments like this will be further examined in Chap.|4] 
We state two lemmas: 


Lemma 109 Let {A,,} be a sequence of multirectangles. There exists a multirectangle A wich is 
composed precisely by the rectangles which compose the multirectangles Ay. Hence we have 


L(A) = 3 Eye dee | lies 
n=1 


The proof is similar to that of Lemma|[I0] 
Lemma 110 Let {N,,} be a sequence of null sets. Then N = UN, is a null set. 


The proof is similar to that of Lemma|[I4] 
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Example 111 An argument analogous to the one in Example [12]can be used to prove that any 
numerable set is a null set. For example, the points with rational coordinates of the square 
(0, 1) x (0, 1) C R? are a numerable set. 

A different argument is as follows. Let the set be {x,} where x, € R¢. The set with the sole 
element x,, is a null set and a numerable union of null sets is a null set. # 


The previous definitions and observations parallels the corresponding ones we have seen 
when d = 1. Now we show an important difference. Theorem [17] asserts that when d = | any 
open set is the union of a disjoint sequence of open intervals. This equivalence holds only in 
dimension 1. It does not extend to higher dimension as the following example shows: 


Example 112 Let d = 2 and let T be any open triangle. 

Let {R,} be a sequence of open pairwise disjoint rectangles which are contained in T. Their 
union cannot fill the triangle T: let x9 be a point of T which belongs to the boundary of R,, 
(so that it does not belong to R,, which is open). Then we have also x9 ¢ Ry for every n # no 
because R,, is open: if xo € Ry, then R,, must intersect R,, while the rectangles are disjoint. 

Instead, it is easy to represent T as the union of a sequence of (non pairwise disjoint) open 
rectangles. It is also the union of a sequence of closed rectangles with the property that two of 
them intersects only on the boundary. We shall see (in Theorem |[142) that this is a property of 
every open set. I 


The reader is already familiar with the rigorous notations in Chap.[I]and the concise termi- 
nology used to speed up the presentation (see the table[I.2). A similar terminology, collected in 
the table we can use in any dimension. 


3.2 The Tietze Extension Theorem: Several Vari- 
ables 


Now we state Tietze extension theorem in any dimension. In the proof of the monotonicity of the 
integral and in the study of the exchange of the limits and integral, it is convenient to know the 
existence of extensions which have the additional property stated in Theorem|115}below. Most 
of the proposed proofs of Tietze theorem provide extensions for which Theorem holds. 

Once the extension theorem (Theorem|I 13]below) is known, the definition of the Lebesgue 
integral for functions of d variables is essentially the same as that of functions of 1 variable. So, 
in this section we confine ourselves to state the extension theorem which was first asserted by 
Lebesgue in with a hint to a possible proof. Later on and independently of Lebesgue, several 
simpler proofs have been proposed (see for example [6]. See [2] also for an interesting historical 
overview) and Tonelli proposed one in [89]. For completeness, we reproduce this proof in the 
Appendix[3.A]but the reader can make reference to any of the proofs that he may know, provided 
that the monotonicity property stated in Theorem{I 15]holds for that extension. 

We use the (standard) notation C(A) to denote the linear space of the functions which are 
continuous on the set A. 


Theorem 113 (T1eTzE EXTENSION THEOREM) Let K C R¢@ be a closed set. There exists an 
algorithm which associates to every function f € C(K) a function fz € C(R@) in such a way 
that the following properties hold: 
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Table 3.1.1: Succinct notations and terminology 


81 


We recall that when A = {R,,} (R, is a rectangle) we define 


Lia) TR), dea! 


n>1 


Then: 


ponent interval of A is a component interval of A. 


* we say that a MULTIRECTANGLE COVERS A SET A when A C Ja. 


* we say that a multirectangle 1s In A seT A when Ja C A. 


Similar expressions we may use are self explanatory. 


* the multirectangle A constructed in Lemma is denoted UA,; 


* we say that a multirectangle A is ExTRACTED from A when any com- 


* a multirectangle which has finitely many component rectangles is 
called a “finite sequence” (of rectangles) or a FINITE MULTIRECTANGLE. 


¢ We say that A and A’ are disjoint when J, M Ja, = O, ie. when no 
component rectangle of one of them intersect a rectangle of the other. 


1. the function f, is a continuous extension of f to R¢. 


2. the following inequalities hold: 


inf{ fe(x), x € R“} = min{ f(x), x € R“} = min{ f(x), x € K} 


< max{ f(x), x € K} = max{fe(x), x € R“} = sup{fe(x), x ER}. G1) 


We call Tie1ZE EXTENSION any continuous extension of f from K to R@ which enjoys the 


property (3.1). 
Propery has the following consequence: 


Theorem 114 Let {f,,} be a sequence of continuous functions defined on the closed set K and 


let us assume that { f,} is uniformly convergent to zero on K: 
Ve > OAN, such that ifn > Nz then |f,(x)| < eforallxe K. 


Let fn,e be a Tietze extension of fy to R¢. 
The sequence { fn,c} is uniformly convergent to zero on R¢. 
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Proof. Let 
my, = min{f, (x), x € K}, M,, = max{ f,(x), x € K}. 


The assumption can be reformulated as follows: 


lim m, =0, lim M, =0. 
n—+00 


n—-+0co 


This is the property that { f,,-} is uniformly convergent to 0 since we have also 
Mn = min{ fne(x), x € RY}, My, = max{ fn,e(x), x €R@}. 8 


The construction proposed by Tonelli, as most of the usual proofs of Theorem gives 
extensions which have a further property: 
Theorem 115 We have: 


I. Let f € C(K) and g € C(K) be such that g(x) = f(x) on K and let fe, ge be their 
extensions constructed as in Appendix|3.A] Then ge(x) = fe(x) on R¢. 


It follows: 


2. Let {fn} be a sequence in C(K) and let fy,e be the extension of f, constructed as in 
Appendix|3.A] We have: 


* if {fn} is increasing on K, i.e. if fnsi(x) = fn(x) for every x € K, then {fy} is 
increasing on R¢. 


if {fn} is decreasing on K, i.e. if fnsi(x) < fn(x) for every x € K, then {frie} is 
decreasing on R*. 


Instead, it is important to note that the property in Theorem|33|does not extend to functions 
of d variables: it is possible that {f,,(x)} converges for every x € K while the sequence of 
the extensions does not converges in R¢. This is seen in Example 


3.3 The Lebesgue Integral in R@ 


Now we define the Lebesgue integral for functions of d variables. The procedure is the same as 
that seen in Chap. [1] when d = 1 and it is sufficient that we sketch the ideas. The definition is 
in three steps: first we define the quasicontinuous functions and then, with two steps, we define 
their Lebesgue integral. 


Step A: quasicontinuous functions 
We define: 
Definition 116 Let f be a function a.e. defined on the balf?] 


Dr={x| lx] sR}, Re too. 


3we stress the fact that it may be R = +00, i.e. that the ball can be the entire space R¢. 
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The function is QUASICONTINUOUS when the following property holds: let {€,} be a sequence of 
positive numbers such that limy4. €, = 0. For every n there exists a multirectangle A, such 
that 


L(An) < €n, Ja, is open, is continuous. I 


Fioe\tn, 
A quasicontinuous function which is bounded is a BOUNDED QUASICONTINUOUS FUNCTION. 


The multirectangle A,, is an ASSOCIATED MULTIRECTANGLE OF ORDER Ep. 
A Tietze extensio Flot f Pra is aN ASSOCIATED FUNCTION OF ORDER Ey. 
TL 


The pair (A, f Dr\Inn ) is a pair of ASSOCIATED MULTIINTERVALS AND CONTINUOUS FUNCTIONS 
OF ORDER Ep. 

We note that, given €,, associated functions of order €,, are not uniquely determined neither 
by €, nor by the choice of Ay. 

Results analogous to those seen in Chap. [I]hold. In particular we state: 
Theorem 117 The following properties hold: 


1. a function which is a.e. continuous on DR is quasicontinuous; 


2. the classes of the quasicontinuous functions and that of the bounded quasicontinuous 
functions on a ball Dr are linear spaces. 


3. the product of quasicontinuous functions is quasicontinuous and the quotient is quasicon- 
tinuous if the denominator is a.e. nonzero. 


4. if g is defined and continuous on a domain which contains im f and if f is quasicontinuous 
then the function x > g(f(x)) is quasicontinuous>| 

A function defined on Dr is PIECEWISE CONSTANT when there exists a finite number of 
rectangles R,, say | < n < N, such that: 

1. int R; NintR; =O ifi + j; 

2. DRE WY cl.Ry 

3. the function fj, 8 constant for every n. 

The boundaries of rectangles and balls are null sets. So, the Property [I] of Theorem 
implies: 
Corollary 118 We have: 


1. The characteristic functions of rectangles or balls of R4 are bounded quasicontinuous 
functions. 


2. Piecewise constant functions are bounded quasicontinuous functions. 


Now we extend the definition of quasicontinuity. Let A be a set which satisfies the following 
condition: 


4i.e. a continuous extension with the properties (3.1). 
5we repeat that in general the composition of quasicontinuous functions is not quasicontinu- 


ous, see See Remark[200]in Appendix |6.B] 
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Assumption 119 The characteristic function of the set A is quasicontinuous. # 


Theorem proved in Chap. |4]shows that any open set satisfies this assumption. 
We note that if f is quasicontinuous on R@ and A satisfies Assumption then fly, is 


quasicontinuous on R@. So we define: 


Definition 120 Let f(x) be quasicontinuous on R@ and let A satisfies the Assumption 
Under these conditions, we say that the function f is QUASICONTINUOUS ON THE SET A. 

If f is defined on A then we say that it is quasicontinuous on A when its extension with 0 to 
R? is. i 


Clearly: 


Theorem 121 The properties stated Theorem ‘or functions which are quasicontinuous on 
Dr holds also for functions which are quasicontinuous ona set A which satisfies Assumption 


Step B: Lebesgue integral under boundedness assumptions 
We state the following result which extends Lemma[45] and which has a similar proof: 


Lemma 122 Let f be Riemann integrable on a bounded ball D (so that f is bounded) and let A 
be a multirectangle such that 


f(x)=0 if x¢€h. 
We have 
J treotax < (spi) 20a). 
D D 
——— 


Riemann integral 
The proof of the next statement is similar to that of Lemma|45| 


Lemma 123 Let f be a bounded quasicontinuous function on a bounded ball. Let {€,} be a 
sequence of positive numbers such that liMy—++4c En = 0. Let {f,} be a sequence of associated 
functions (to f) of order &n. The sequence of the Riemann integrals 


Ufo 


is convergent and the limit does not depend either on {&,} or on the particular chosen sequence 
of associated functions. 


It is then legitimate to define: 


Definition 124 Let f be a bounded quasicontinuous function defined on the ball Dr = {x : 
\|x|| < R}. We assume that the ball is bounded, i.e. that R < +00. Let {€,} be any sequence of 
positive numbers such that lim,—400 €, = 0 and let { f,,} be any sequence of associated functions, 
Jn Of order €,,. We define: 


J) fevas= tim [fears 


YS ——-" — Osh Ss oOrcw Oo’ 


Lebesgue Riemann 
integral integral 
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As a consequence we have: 


Theorem 125 The following properties hold for functions a.e. defined on a bounded ball Dr: 


1. if f is defined on Dr and it is either continuous or piecewise constant then it is both 
Riemann and Lebesgue integrable and the two integrals have the same values. 


2. if f is a.e. continuous and bounded then it is bounded quasicontinuous and so it is 
Lebesgue integrable. 


3. If f =Oae. on Dr then 
f(x) dx =0. 
Dr 


ns 


Lebesgue integral 


4. two bounded quasicontinuous functions which are a.e. equal have the same Lebesgue 
integral. 


Proof. Statements [Ijis immediate from the definition of the integral and the proof of statement|2| 
is similar to that given in Lemma39]in the case d = 1. 
We prove statement|3] Let 
If(~)| <M. 
We fix a multirectangle A, with L(A,) < 1/n and such that f = 0 on Dr \ & and a 


corresponding associated function f, = | fj Dilan) 9" Then, 


J fever = tim [tues ax 
eo 


Lebesgue integral Riemann integral 


and, from Lemma 
M 
ff titalars =. 
Dr n 


ee—_—_ 


Riemann integral 
The result follows by computing the limit for 2 — +00. 
Statement|4]follows since the difference of the two functions is a.e. zero. I 


We conclude by stating that any function which is Riemann integrable on D is Lebesgue 
integrable too, and the values of the integrals coincide. The proof is analogous to that seen, when 


d = 1, in the Appendix|I.A] 
Step C: the general case 


As in Chap. |I| first we define the Lebesgue integral of a quasicontinuous function on 
R¢. Then we extend the definition when f is quasicontinuous on a set A which satisfies the 


Assumption 


The function f can be unbounded. 
We define: 


f(x) = max{f(x),0},  f-(x) = min{ f(x), 0} (3.2a) 
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and, when K > 0, N > Oand R > 0, 
Fs, (RN) (x) = min{ f(x), N} dom f.,(Rr,v) = {x : |lx|| < Rt, 
f-, (R,-K) (x) = max{f_(x) , —K} dom f_ (rx) = {x : ||x|| < R}. 
The functions f, and f_ are quasicontinuous and the functions f, (r,y) and f_,(r,-K) are 


bounded quasicontinuous on a bounded ball. So, their Lebesgue integrals exist. 
We define 


(3.2b) 


Noe, JielisR 


i. _ fel) dx = lim fs, (R,N)(X) dx, 
oe, tl a 


Lebesgue 


Lebesgue 
integral 


integral 


I. f(x) dx = lim fo. (R-K) (0) de 


R 
Fasteee de 


Lebesgue 


Lebesgue 
integral 


integral 


The limits have to be computed respectively with (R, VN) ¢ Nx N and (R, K) €e Nx N (ie. one 
independent from the other) and they can be respectively +00 or —oo. 


Definition 126 (LEBESGUE INTEGRAL ON R@) 


1. The function f(x) is INTEGRABLE when at least one of the function f, or f_ has finite 
integral. In this case we define 


[tore = [ feoare f poar. 
ee 


Lebesgue integral both Lebesgue integrals 


The Lebesgue integral of f can be a number (when both the integrals of f, and of f- are 
numbers) or it can be +00 or it can be —oo. 


The function f is SUMMABLH$|when its Lebesgue integral is finite. 


2. Let A be a set which satisfies the Assumption and let f be defined on A. We use the 
notation f1, to denote the product of f and 1,4 when f is defined on R¢. Otherwise, 
with a slight abuse of notations, we put 


if xeA, 


f(x)1a(x) = | — if x ¢ A. 


We say that f is a QUASICONTINUOUS FUNCTION ON A when f 11, is quasicontinuous on 
R¢. In this case we define 


forevae =f rota a 


Oe 


Lebesgue integral Lebesgue integral 


when f(x) 11, is integrable (in particular, when it is summable) on R@ and correspondingly 
we Say that f is INTEGRABLE (SUMMABLE) ON A. I 


as already noted in the footnote [8] of Chap. |1| several books uses the term “integrable” to 
intend that the integral is finite. 
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From now on, the integral sign will always denote the Lebesgue integral, unless explicitly 
stated that it is a Riemann integral. 


We conclude this section by stating that, as in the case d = 1, The Lebesgue integral does 
not extend the improper integral. 


3.3.1 The Properties of the Integral 


The properties of the set of the quasicontinuous functions and of the integral are the same as we 
listed in the case d = 1, and with similar proofs. We repeat the statements for completeness. 


Theorem 127 The sets which appear in the statements below satisfy Assumption Under 
this condition the following properties hold: 
1. let f be quasicontinuous on A and let A, © A. Then f is quasicontinuous on A. 


2. let Ay and Ag be disjoint and let f be a.e. defined and quasicontinuous both on A, and 
on A2. Then it is quasicontinuous on A, U A. 


3. the sum and the product of two quasicontinuous functions is a quasicontinuous function. 
This statement holds also for the quotient provided that the denominator is a.e. different 
from zero. 


In particular, the set of the quasicontinuous functions a.e. defined on A is a linear space. 


4. Let f be quasicontinuous on A. Let v € R¢. We put A+v = {x+v, x € A}. The set A+v 
satisfies the Assumption|119|\and the function x > f(x — v) is quasicontinuous on A + v. 


5. let fn be quasicontinuous functions. For every k, the functions 


bx (x) =max{fi(x), fo(x), ..., fe} 
W(x) =min{fi(x), fo(x), ..., f(x} 


are quasicontinuous. 


Similarly, we can state the key properties of the integral: 


Theorem 128 Let f(x) and g(x) be integrable on A (a set which satisfies Assumption [179). 
Then: 


1. the integral of a function which is a.e. zero is zero. So, if f = g a.e. then they have the 
same Lebesgue integrals. 


2. MONOTONICITY OF THE INTEGRAL: if f(x) < g(x) therl)| 


[roars f soar. 


7as in dimension 1, the proof uses the monotonicity property of the extensions given in 


Theorem|115} we associate to f and g sequences f,, and g, such that f,(x) > gn(x). Compare 
with Remark 
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3. TRANSLATION INVARIANCE: let v € R¢. With A+ v = {x+v, x € A} we have: 


[reas to-nar. 


4. the absolute value: 


(a) If f is integrable then |f| is integrable and 


fircoiar= fry ar- f pear. 


So, the usual inequality of the absolute value holds: 


[foes < [ ireler. 


(b) the quasicontinuous function f is summable if and only if | f| is sammable. 


5. let f and g be summable. We have: 


(a) LINEARITY OF THE INTEGRAL: the following equality holds for any real numbers a 
and B: 


I (of) +e) dx =e 7 f(x) de +B [ g(x) dx. 


(b) if g is bounded then the product f g is summable. 
(c) if 1/g is bounded then the quotient f /g is summable. 


Now we consider the additivity of the integral. 
Theorem 129 Let f be defined on A = A, U Ag and let A, and Az satisfy the Assumption 
Then: 


1. the set A, U Az and, if nonempty, the sets A, \ Az, A, \ Az, Az \ A, satisfy the Assump- 
tion 


2. let f be summable on A, and on Az. Then: 


(a) the function f is summable on A, U A2; 


(b) we have 
[foes f seracs fl roy ax: 


(Cc) ADDITIVITY OF THE INTEGRAL: 


Ai NA, =0 => fsyax= [p(y are [ f(x) dx. 


A,UA) 


3.3. THE LEBESGUE INTEGRAL IN R4 89 


Proof. The result follows from the linearity of the integral and the equality 


F(x) = f(x)1a, (x) + f@)1a, (x). 0 


Finally we extend Lemma from the Riemann to the Lebesgue integrals. We recall that 
the support of a function f is 


supp f =cl{x : f(x) #0}. 


So, the support is always closed and, if we consider functions defined in a bounded ball, it is 
compact. 

Heine-Borel Theorem holds in every dimension. In particular, let A be a multirectangle 
composed by open rectangles which covers a compact set K; i.e. we assume K C Ja. Then K is 
covered by finitely many of the rectangles which compose A (we already stated this observation 
when d = | in Lemma[I5). 

We use this observation and we extend Lemma|122Jas follows: 


Lemma 130 Let f be a bounded quasicontinuous function defined on a bounded ball D, | f (x)| < 
M for every x € D. Let A = {Ry} be a sequence of open rectangles which covers supp f: 


cl{x : f(x) #0} CH. 


[frees 


Proof. We use Heine-Borel Theorem and we reorder the rectangles of A so to have 


Then we have 


< ML(A). (3.3) 


N 


cl{x : f(x) #0} ¢ JR 


i=1 


(note that the rectangles R; need not be disjoint). 


Statement [2b] of Theorem|129]gives 


[roars f, f(x) de so that [ircotars >) ff eota 


yi 


Inequality holds since for every i we have 
i LFCO| as f Mdx=ML(R;) 4 
Ri Ri 


Note that this result is quite weak. In particular it cannot be used to prove statement [I] of 
Theorem|128 
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Appendix 


3.A Tonelli Formula for the Tietze Extension 


Here we reproduce the proof of the Tietze extension theorem (Theorem}1 13) presented by Tonelli 
in [B9]. 


3.A.1 Few Notations 


For every r > 0 and every x € R@ let 
D(x,r) = {y such that ||y — x|| < r} (D(x, r) is a closed ball) . 
Let K be a compact set. We puf§| 
o(x) = dist(x, K) = min{||x — k||, k € K}. 


Note that 
@ if x€K 


Ko D(x.0)={ x if xeEK. 


The set K M D(x,r) is empty when r < o(x). If r = o(x) it is a compact set over which 
f is continuous. So, when r > @(x), the function f reaches its maximum (and minimum) on 
KN D(x,r). 

We introduce the function 


_f maxpiy.nnnxk f if D(x,r)NK #0 
Mesr) =| 0 if D(x,r)AK=0. 


The function r + M(x,r) is monotone non decreasing for every x and both the functions 
xh» M(x,r) (with r fixed) and rb M(x,r) (with x fixed) are discontinuous. In fact, let d = 1, 
K = [1,2] and f(x) = 1 on K. Ther?| 


0 if r<il 


0 if x<1/2 
mon ={ if 


pS is mext/2)={ | if x>1/2. 


Snote in this definition: “min” since K is closed. For general sets the distance is an infimum. 
recall that D(x, r) is a closed ball. 
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3.A.2. The Proof of Theorem (|113 


For every n and every x € R@ we define 
2"-1 k 
F,(x) = = u(x. (! + =| 2(x)} (3.4) 
Qn 
k=0 
The number F,, (x) is the arithmetic mean of the numbers 


max { f(x), x €KND(x,(1+k/2")o(x))} O<k <2"-1. 


We prove that 
fe(x) = lim F(x) (3.5) 


exists for every x € R4, it is an extension of f which satisfies and it is continuous. The proof 
is in three steps. After that, it is a simple observation to note that the monotonicity Theorem 
holds for the extension f, in (3.5). See the statement B]of Remark 


Now we prove the theorem. 


A warning 


Note that the extension theorem has been used only in the special case that K is compact and 
only this case will be used in the following. So, the reader can confine himself to consider 
the proof in the case that K is compact. 

The proof is slightly more transparent when K is compact and, in order to help the reader, 
we prove the theorem in this case. The points where boundedness of K is used are clearly 
stated by using a | box | and the way to remove boundedness of K is clearly indicated in 


boxes. | But when first reading the proof it may be convenient to ignore these boxes. 


Step 1: the function f, is defined on R?. We prove that for every fixed x the sequence of real 
numbers {F;,(x)} is bounded and nondecreasing. This implies that the limit exists 
and that it is finite. 


Boundedness is clear since for every k and every n we have 
min f < M (x,(1+k/2") o(x)) < max f 


and so we have also 


min f < Fy,(x) < max f . 


In order to prove monotonicity we prove Fy,41(x) = F,(x). Here we use monotonicity of 
rt M(x,r) and the fact that the sum which defines F,,4; (x) has twice as many addenda 
as that of F,(x). This is the reason for choosing the sum of 2” terms. 
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We write the expression of F,,4;(x) and we associate any term with even index with its 
subsequent term with odd index: 


1 gn+l_y k 
Fri) = Sra eS u(x. (14 a} 00) 


k=0 


=o | M(x, o(x)) + u(s. f + = 00)| 
u(x,(14 sa) otx)) +m (« (1+ 7) o09)| 
+e: 
a(x (1+ A} eto) +4e(s (1+) eco] 


ABE} (+3) 


k=0 


+ 


We compare the addenda of Fy,4;(x) and those of F,,(x). We see that 
1 2k 2k+1 
5 [Ma (1+ soe) oc) +me (x (1+ 54) ovo) 


“uefa oal odessa 


> M (x,(1+k/2") o(x)) (since r + M(x,r) is nondecreasing). 


It follows that 


Frii(x) = Fy(x) Vn and so fe(x) = lim F,,(x) € R for every x. 


Step 2: the function f extends f. If x € K then o(x) = 0 and M(x,0) = f(x). Hence, when 
x € K, F,(x) = f(x) for every n so that we have also fe(x) = f(x). 


Step 3: the function f, is continuous on R%. | In this step we use K compact 


(and we indicate how boundedness can be removed). 


If x € intK then f. = f is continuous at x. We must prove continuity at the boundary 
points of K and at the exterior points of K. 


Substep 3A: continuity at x9 €¢ 0K. We must prove 
im, fe(x) = fe(xo0) = f (x0) 


(and we can confine ourselves to consider the limit from R@\ K since f is continuous 
on K by assumption). 
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A continuous function on a compact set is uniformly continuous. | Hence, for ev- 
ery € > 0 there exists 6 > 0 (which does not depend on xo) such that 


ye, lly-xll<6 = If) - fol <e. (3.6) 


We note 
(1+ k/2")o(x) < 2o(x) O<k <2". 


When x € D(x, 6/4) then o(x) < 6/4 and 
M (x, (1+ k/2")o0(x)) = f(y) where y € D(x, 6/4) © D(x, 6) 
so that 
|M (x, (1+ k/2")o(x)) — f(xo)| <e. 


Hence, for every n, 


20 =1 


3 ci (« (! r =| ots) - Fa)| 


k=0 


[Fn (x) — f(%o)| = 


Qn] 
1 
< an » E=E. 
k=0 


The inequality is preserved by the limit, so it holds for f. as wanted. 


How to remove the assumption that K is bounded 


corresponding value of 6. 


We used boundedness of K since we used uniform continuity but note that the point xo has 
been fixed. Once xo has been fixed, the value of y € K which are used in are confined 
to a ball of center xo, for example y € K N D(x, 100@(xo)). The previous estimates holds 
also if K is unbounded by using uniform continuity of f on K N D(xo, 100e(x9)) and the 


Substep 3B: continuity at x9 ¢ R¢ \ K. We fix a point x9 € R@ \ K so that @(x9) > 0. 


We must prove that for every ¢ > 0 there exists 6 > 0 such that 
|x -xoll <6 => fe(xo) —€ < fe(x) < fe(xo) +e. (3.7) 


First we note the following facts which holds for every 6 > 0: 


Fact 1: we have 
lx -xoll <6 = > @(x) S o(xo) +6. (3.8) 


In fact let k € K be one of the points for which 
(x0) = |lxo — Kill. 
Then we have 


(x) < |lx— ll < [lx — xoll + llxo — All = Ilx — xoll + @@0) < 6 + e(20)- 
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Fact 2: for every r > 0 we have 


|x -— xo|| < 6 = > D(x,r) C D(x, r +6) 


so that M(x,r) < M(xo,r +6). 
In fact: 
ye D(x,r) = lly—xoll < lly — all + lle -xoll r+. 
We use Fact 1 and Fact 2 to derive the following consequence: when 
Ix — xol] < 6 


we have: 


M (x,(1+k/2")o(x)) < M (xo,(1+k/2”")o0(x) +6) 


from 
(3.9| 
< M (x0, (1. + k/2”)(@(x0) + 6)] + 6) 
SS ~~ 
fron 
6.5 
< M (xo, (1 + k/2")o(x0) + 36) . 
SS 
use 
(1+k/2") <2 


If 4 is any number such that 


gpg OR ee Gane 
an o(xo) 
then we have 
k k+h 
(1+ 55] o(x9) +36 < (1+ Dn Joc), 


We choose the smallest integer h such that the inequalities in (3.11) hold: 


h=h,= 2 = jut 
(xo) 


where [a] denotes the integer part of the number a. 


Note that h,, does not depend on k < 2” so that for every k < 2” we have 


k k+hy 
(1+ 55} eto) +30. (14 = Joc), 


The inequalities (3.10) and (3.13) give, when ||x — xoll < 6, 


M (« (! + =| o(x)} <M (so, (! + =) etx) O0<k <2". 
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(3.9) 


(3.10) 


(3.11) 


(3.12) 


(3.13) 


(3.14) 
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After these preliminaries we prove separately the inequalities above and below 
in 2). 


First we prove the inequality above: we prove the existence of 6 such that 


I|x—xoll <6 => fe(x) < fe(xo) +6. (3.15) 


We use (3.14) and | M(xo, rr) < maxx f. | We have: 


Fulx) = 5; D, M (« f + =| a) 
k=0 
2n_] 
1 k+hy 

< an >» Ms, (! aes } ocx) 
k=0 
22_14+h, ‘ 

1a lullie heen) 
= y 

= on 2, M (xo, (1 + =| 0(x0)] 


2"—-1+h hy-1 
1 a TL 
Se >» M (xo, (1 + =) 0(x0)] 7 > M (xo, (1 + = 0(x0)] 


N y v=0 . y 


< M = maxx |f| < M = maxx |f| 


1 " x 
< F,(xo) + 2a nM where M =maxx |f||. (3.16) 


Equality (3.12) shows that 
hy 1 36 
< 


—< + ———_. 
27 2" e(x0) 
so that, when ||x — xo|| < 6, we have 


F,,(x) < Fy(xo) + Spee! oe onde fe(x) < fe(xo) + ne (3.17) 
2n 0(x0) 0(x0) 


The required inequality (3.15) holds provided that we choose 


o(X0) 
6M 


o< 


é |where, we recall, M = maxx | f| 


How to remove the assumption that K is bounded 


In this step of the proof boundedness of K was used when we defined M = maxx | f|. But, 
it is still true that xo is fixed and that the values of f which are used in this computation are 
the values f(y) when y € K N D(xo, 1000(x0)). So, boundedness of f is easily removed 
by redefining M = MAX KND(xp,1000(x)) IF I 
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In a similar way we prove the inequality from below in (3.7), i.e. we prove 


Ve>O056>0: |lx-x||<6 = fe(xo) -—€ < fe(x). (3.18) 


We sketch the steps in order to see a (very) minor difference. 

Note that it is not restrictive to assume from the outset € < 1 and 6 € (0, @(x0)/4). The 
value of 6 will be further reduced later on. 

First we use the inequalities and with the roles of x and xo exchanged, i.e. 


o(x0) < o(x) +6 
D(xo,r) © D(x,r +6) (3.19) 
M(xo,r) < M(x,r+6). 


= < => 
IIx —x0ll < 6 ee 


So we have 
k k 
M (so (! + =| a) <M (« (! + =| o(x) + 7) 


k+h 
<M (« f + an ] ot} (3.20) 


provided that - 
h 
36 < oe) (3.21) 
Here is the point of difference: the inequality does not depend on x while the right 
side of (3.21) does depend on x. But, this difficulty is easily overcame since o(x) > 


o(xo) — 6 from (3.19) and we did impose 6 € (0, e(xo)/4). Hence, inequality (3.21) 
holds if we impose 


5 < Melo) - 8) 


3 
Qn 
This condition is satisfied if we choose i such that 
h ~ 4 
ge tee) 45 sor. 
4.2” o(xo) 
We write the inequality (3.20) with h = h,: 
A 
hy = |2” uy J+. 
0(x0) 


The same computations as in (3.16) with the roles of x and x9 exchanged give 


aM + Sue hence fe(xo) - ou < fe(x) 
2” — eE(x0) o(x0) 


Fy(xo) < Fn(x) + 


where M = maxx |f|. | It follows that the required inequality (3.18) holds if we further 
reduce the value of 6 and we impose 


5 <min{ 20) ae 
4 8M 
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How to remove the assumption that K is bounded 


Also in this step of the proof boundedness of K is used since M = max x |f|. But, it is 
still true that x is fixed and that the values of f which are used in this computation are the 
values f(y) when y € KN D(x, 100@(xo)). So, boundedness of f is easily removed by 
redefining M = MAX KND(x9,1000(x0)) IF: 


Te proof is now complete. 


Remark 131 We note: 


1. We described how boundedness of K can be removed. Instead, the assumption that K is 
closed cannot be removed. 


2. Inequality holds since it holds for every addendum M (x, (1 + k/2”)o(x)) and since 
F,,(x) is the arithmetic mean of these numbers. 


3. Statement [1] of Theorem holds for the extension f.(x) proposed by Tonelli since if 
f < gonacompact set A then max, f < max, g so that 
M(x, (1+ k/2")o(x)) < M(x, (1+ k/2")oe()) . 
ee, paren” a enn” 
computed from f° computed from g 


Statement|2] of Theorem|}115}is an obvious consequence of Statement[I] i] 


Finally we prove that statement|2|of Theorem[33|does not hold for the extension of functions 
of d variables obtained with the Tonelli method: the fact that a sequence { f,} converge pointwise 
on K does not imply that the sequence if the extensions converges. 


Example 132 We construct a sequence {f;} such that f;(x) — O for every x € K while the 
extensions do not converge. 

We consider d = 2 and we denote (x, y) the points of R*. The set K is the boundary of the 
disk whose center is the origin and of radius 1: 


K={(x,y), x=cosé, y=sind 6 € [0,27)}. 


So, 
0(0,0)=1, K CD((0,0),(1+k/2")0(0,0)) Vk <2"! 
and ‘ 
M (0 0), (! + =| 0(0, 0) =maxf = Vk < Pe 
so that 


F,,(0,0) = max f, fe(0,0) = max f. 
Now we consider the sequence of the functions f; defined as follows: 
favei(cos@,sind) = 0 


0 if 6¢(0,2/yv) 
v@ if O<é<I/v 
2-véd if I/v<O0<2/y. 


fav (cos 6, sin @) 


3.A. TONELLI FORMULA FOR THE TIETZE EXTENSION 


The graphs of few of the functions 7h 
joy ora represented in the figure on 
the right. \N 
The sequence { f;(x)} converges to oP 


zero for every x € K. In spite of this, C 


(f;)(0,0) oscillates, fo,(0,0) = 1 WW 
while foy41(0,0) =0. 1 a \\ 


<V 
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Chapter 4 


The Limits and the Integral 


The theorems concerning the exchange of limits and integrals are the main object of this chapter. 
We need few observations on multirectangles and we represent open sets as union of rectangles. 
This representation opens the way to the proof of a version of the absolute continuity of the 
integral. 


Table 4.0.1: Succinct notations and terminology 


When convenient, we use the informal terminology introduced in the ta- 
ble Moreover we introduce the following definitions. 


¢ A C-RECTANGLE is a Closed rectangle and a C-MULTIRECTANGLE iS a 
multirectangle composed of c-rectangles. 


¢ A multirectangle composed of open rectangles is called an OPEN MUL- 
TIRECTANGLE 


¢ A multirectangle is pissoInT when the component rectangles are 
pairwise disjoint. 


¢ A multirectangle is ALMOST DISJOINT when any two of its component 
rectangles do not have common points which are interior to at least 
one of them. So, if the rectangles have interior points and intersect, 
the common points belong to faces of both the rectangles. Hence, an 
open almost disjoint multirectangle is disjoint. 
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4.1 Special Classes of Sets and Multirectangles 


The following observations comment the definition in the table/4.0.1] 
1. ac-rectangle is a closed set. If instead A is a c-multirectangle then J, may not be closed. 


2. if a multirectangle A is composed of open rectangles then Z, is open. For this reason a 
multirectangle composed of open rectangles is simply called an “open multirectangle”’. 
No confusion can arise provided that we keep in mind the following facts: 


(a) there exists open sets which cannot be represented as J, if we impose that A is 
disjoint (see Example}112]of Chap.|3). 


(b) as we shall prove below, any open set is Z, where A is an almost disjoint c- 
multirectangle. 


(c) in particular, the representation of I, as the union of rectangles is never unique. 


3. to understand the definition of almost disjointness consider the following example: R; = 
[-1,1], Ro = [0,0]. We do not want to say that they are almost disjoint and they are not 
since the common point 0 is interior to one of them. 


4. finite or numerable sets of rectangles can be ordered to form a (finite or numerable) 
multirectangle. Thanks to this observation we extend the term “almost disjoint” to 
finite or numerable sets {R;} of multirectangles: we say that the RECTANGLES ARE ALMOST 
DISJOINT when the intersection of any pair of the rectangles either is empty or the common 
points belong to the boundary of both of them. 


The following observations are obvious and constitute a more precise elaboration of the 
argument used in the proof of Theorem 


¢ Let R and S be rectangles. Their union, their intersection and their difference are either 
empty or a finite union of almost disjoint rectangles. Hence they are sets J, where A is a 
finite almost disjoint multirectangle. 


Let R and S be rectangles and let A and A be finite almost disjoint multirectangles such 
that J, = R \ S and 4; = RNS. Then we have 


L(R) = L(A) + L(A). (4.1) 


* let R be a rectangle such that L(R) > 0. For every ¢ > 0 there exist open multirectangles 
R_ and R, such that 


0 < L(R) -L(R_) <e, 
R_-CclR_ CintRCclRCintR, and 0 < L(R,) — L(R) <e, (4.2) 
0 < L(R,) -L(R_) <e. 


If R= Td, (ai. b;) then the rectangles R. are Me, ai +o0,b; +o) with o sufficiently 
small. 


So we can statd!] 


Tobserve that we already used this fact in the proof of Theorem 
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Lemma 133 Let R = Td, (ai. b;) be a rectangle such that L(R) > 0. and let 


d 
Rs =| [Gi Fo0,b;+0). 
i=l 


For every € > 0 there exists 6g > 0 such that if0 < 0 < 6g there exists a finite almost disjoint 
multirectangle A such that 


ReRAR DApes, 
This observation and have the following consequence4?| 


Corollary 134 we have: 
1. The boundary of a rectangle is a null set. 


2. A set N is anull set when there exists a sequence {Ax} of open multirectangles such that 


NCIy,, lim L(Ax) =0. 


4.1.1 Almost Disjoint Multirectangles and their Measure 


Let A = {R,} with L(R;,) > 0 and let ¢ > 0. Let (Rx) be rectangles with the properties 
with «/2* in the place of ¢. Let (Ag)z = {(Rx)z}. The properties of the rectangles (Rx)s and 


Lemma give: 


Lemma 135 Let A = {Rx} be an almost disjoint multirectangle such that L(Rx) > 0 for every 
k and L(A) < +00. Under these conditions, for every € > 0 there exists a disjoint open 
multirectangle A_ and an open multirectangle A, such that 


i-CReET. 02 '12AD-LM)<e, 021) 10) <e. 


Note that the open disjoint multirectangle A_ does not exist if the condition L(Rx) > 0 is 
removed. If the condition L(Rx) > 0 is remove then the statement still hold, provided that we 
remove the condition that A_ is open. 

We noted that the number L(A) is associated to the sequence A and not to the set Z,. If A is 
almost disjoint then we can be more precise. First we recall: 


1. L(A) = 7°, L(Rn) does not depend on the order of the rectangles; 


2. L(A) = D7°,L(Rn) does not change when its component rectangles are changed by 
adding or removing parts of their boundary; in particular if R,, is replaced by its closure 


or by its interior. This observation is a reformulation of the statement[i]of Corollary 


3. L(A) = Y7*,L(Rn) does not change if the rectangles R,, are represented as countable 
unions of sequences of almost disjoint rectangles. 


These observations imply: 


2the statement |2Iis a reformulation of Theorem 
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Lemma 136 Let A be an almost disjoint multirectangle, A = {Rx} and let L(Rx) > 0 for every 
k. We havé3t 
L(A) = inf{Z(Aour), Aout open and I, © Ip... } (4.3a) 


and also 


L(A) = sup{L(Ains), Ains (open) disjoint and Ip... © In} (4.3b) 


‘ins 


(the reason for putting “open” in parenthesis in the formula is explained in Remark 
below). 
It follows: 


Theorem 137 Let £,, = Jp, and let the multirectangles be almost disjoint. We have L(A,) = 
L(Ag). 


Thanks to this theorem, we associate a number to every set A which can be represented as J 
when A is almost disjoin{#] 


A(A) = L(A) where A is almost disjoint and A = J, . (4.4) 
We shall see in Chap. [6]that this number A(A) is the LEBESGUE MEASURE Of the set A. 


Remark 138 It is easily seen that the formula holds also if the condition L(R;) > 0 is 
removed from the statement of Lemma[I36] If this condition is removed then formula 
holds too provided that we remove the request that Ajns is open. In fact, the degenerate component 
rectangles R; do not contain open rectangles, but we have also L( Rx) = 0. 

This is the reason why “open” has been written in parenthesis. 

Note also that if A is a sequence of points, A = {qx}, then both the numbers in (4.3a) 
and are zero. Compare this observation with the item[3|of Remark[I3| 


In order to stress the previous observation we state explicitly: 


Theorem 139 Let A = J and let A = {Rx} be almost disjoint. The number A(A) = L(A) is 
given by both the formulas and (4.3b) with the following warning: if L(Rx) is not strictly 
positive then formula takes the following form: 


L(A) = sup{L(Ains), Ains disjoint and Ip,,, © Ly}. (4.5) 
The following result is clear from (4.3a): 


Lemma 140 Let A = Jp, and B = Ly, be multirectangle sets. We have: 
1. IfA © B then A(A) < ACB). 


3” ins” for ’inside” and “out” for ’outside”’. 
4strictly speaking at this point when A = {Rx} is almost disjoint and such that L(Rx) > 0 
for every k. Se Remark |138|below to see that the condition L(R;) > 0 can be removed. 
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Table 4.1.1: Multirectangle sets 


To streamline the presentation, a set A = J, where A = {Rx} is almost 
disjoint will be called a MULTIRECTANGLE SET and, if convenient, we specify 
THE MULTIRECTANGLE SET OF A. We Say also that A IS THE SET OF THE 
MULTIRECTANGLE A and, reciprocally, that A Is A MULTIRECTANGLE OF THE 
SET A. 

We stress that when using these terms we always intend that A is almost 
disjoint. 


2. Let Ay = {Rin} and Ag = {Ron} be almost disjoint multirectangles>| Then: 


Rin R27 =O Vn, jf = > — ACaua,) = L(Ar U Az) = L(A) + L(A2) 
a A(Lp,) + A(La,) . 


This property can be written as 


ANB=0 = A(AUB)=A(A)+A(B) where A=fh,,, B=THp,. 


The property in the statement |1| of Lemma is the MONOTONICITY PROPERTY OF THE 
MEASURE while that in the statement|2|is the ADDITIVITY PROPERTY OF THE MEASURE. 


Remark 141 We observe: 
1. If Ais a multirectangle set then it does not identify A uniquely; 


2. if A is the multirectangle set of A, there exist multirectangles A which are not almost 
disjoint and such that A = Jj. 


3. The computation used in Example[12]to see that the set {qg,,}, the set of the rational points 
in (0, 1), is a null set is an application of (4.3a). 


4.1.2 Representation of Nonempty Open Sets 


Important sets to which Lemma|I36]and formula can be applied are the open sets. In fact, 
in this section we represent any nonempty open set in terms of almost disjoint multirectangles. 

Example of Chap. |3} shows that, when d > 1, an open set is not a disjoint open 
multirectangle in the sense that it is not equal to any such Ja. Instead we have the following 
result, which we state in the case of bounded open sets since this is the case we shall need, 
but which can be extended also to unbounded open sets (in this case without the condition 
L(A) < +00): 


5we recall the notation A; U Az to denote the multirectangle composed by the rectangles Rj,» 
and Ro; (taken in any order). 
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Theorem 142 Let O be a nonempty bounded open set. There exists an almost disjoint c- 
multirectangle A such that L(A) < +c0 and O = Ij. It is possible to chose A = {Ry} such that 


L(Rn) 


> 0 for every n. 


Proof. The construction of the multirectangle A is iterative, as follows: 


Step 0: 


Step 1: 


Step j: 


We divide R¢ with closed “cubes” whose vertices are the points with integer coordinates. 
This way we get a set Qo of closed cubes with sides parallel to the coordinate axes and of 
length 1 = 1/2°. 

Two different cubes either have empty intersection or they intersect along a face. 


Then we perform the following operations: 


Substep 0-a: we single out the cubes of Qo which are contained in O. We call Q po the 
set of these cube {4} 


Opp ={2€Q.: QCO}. 
Then we define 


Onn ={Q2E¢Qpy, QNO FO}. 


The set of cubes Q pg is either empty or finite while Oy, is always nonempty and 
finite (these sets are finite since O is bounded). 


Note that both Q po and Ong are sets of almost disjoint closed rectangles | 


Substep 0-b: The elements of Op, (if any) are retained as elements of A. 


We divide every cube 0 € Oy in 24 equal closed cubes (with planes which are parallel 
to the coordinate planes and which cut the edges in the middle). This way we get a set Q; 
of cubes with sides parallel to the coordinate axes and of length 1/2'. Then we perform 
the following operations: 


Substep 1-a: we single out the cubes of Q; which are contained in O. We call Qp, the 
set of these cubes: 


Op,={@©Qi: OCO}. 


Then we define 


Qn, ={2€Q1\Qp,, QNOFD}. 


Substep 1-b: The set Qp, is empty or finite. If nonvoid, its elements are retained as 
elements of A. 


As in the previous steps, we divide every cube Q € Qy ;_, in 24 equal closed cubes 
with planes which cut the edges in the middle. This way we get a set Q; of cubes, with 
sides parallel to the coordinate axes ad of length 1/2’. Then we perform the following 
operations: 


the index p of Qp is for “present”, since these cubes are retained in this step while 7 inQy 
is for “next” since these cubes are elaborated in the next step. 

7of course this statement holds for Qp, when it is not empty. A similar warning holds also 
in the following steps and it is not repeated. 
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Substep j-a: we single out the cubes of Q; which are contained in O. We call Qp ; the 
set of these cubes: 


Op,={0€Q;: QCO}. 
Then we define 


On; ={2€Q;\Qp;, QNOFD}. 


Substep j-b: The elements of Qp ; are retained as elements of A. 


We iterate this procedure. 


This way we obtain a almost disjoint c-multirectangle A such that I, € O: the component 
rectangle of A are the “squares” Q € U;°,Qp,. The inclusion is clear and we have also J, = O 
since any point x € O is an interior point and it exists a closed cube whose sides have length less 
then 1/2” (n suitably large), which is contained in O and which contains x. I 


An important consequence of Theorem is that Lemma\136\can be applied and the number 
A(O) is well defined for every (nonempty) open set O. We combine Lemma]}135|and Theorem]! 42] 
and we get: 


Theorem 143 Let O be a nonempty bounded open set. For every € > 0 there exist a disjoint 
open multirectangle Ains and an open multirectangle Aoy, such that 


Ains coc Aout » L(Aout) ~ L(Ains) <é. 
The multirectangle Ajj, can be chosen finite: 


(cl R;) a) (cl R;) =0 
Ains = {R1, Rn, ..., Re} with{ clR; CO 1<i<K, 
L(R;) > 0 for every i. 


We put 
K 
A=|J)Ri=Thn> B= Thu 
i=l 
We use additivity of the measure. The previous theorem can be reformulates as follows: 


Corollary 144 Let O be a bounded open set. For every € > 0 there exist open sets A and B such 
thal§JA C clA CO CB such that 


OVA He, ARY—AO)<e, 


So, when d > | an open set is not a disjoint open multirectangle, but “its difference from a 
disjoint open multirectangle is as small as we whish’. 


We combine Lemma and Theorem and we see that the formulas and (4.3b} 


hold for every open set: 


if A is almost disjoint and O = J, is open and bounded then 
HOV =1tA)= sup{L(Ains) , Ains finite open disjoint and La,,, C O} (4.6) 
~ ~ | inf{Z(Aout), Aout open multirectangle, J,,,, 2 O} . 


Sobserve that we are not asserting clO C B. This inclusion is false in general and so the 
inclusion O C B is trivial when studying open sets since we can choose B = O. 
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4.2 Egorov-Severini Theorem and Quasicontinuity 


In this section we discuss the version of Egorov-Severini Theorem for functions of d variables. 
Note that the statement is the same as that in Sect. 2-1] but the proof is different for a reason we 


illustrate below?] 
First of all, as in the case of dimension 1, we present a lemma and a definition: 


Lemma 145 Let {f,} be a sequence of functions each one a.e. defined on a rectangle R; i.e., 


dom f, = R \ Nn (Ny is a null set) . 


Then we have: 
1. there exists a null set N such that every f, is defined on R\ N. 


2. if each f,, is quasicontinuous then for every € > 0 there exists a multirectangle Az such 
that Ip, is open and such that (fn) ie\7, is continuous. 


The proof is similar to that of Lemma|80] 


This observation shows that when we have a sequences of functions each one of them 
defined a.e. on R we can assume that they are all defined on R \ N where N is a null set 
which does not depend on n. To describe this case we say (as in Chap.|[I) that the sequence 


{fn} is defined a.e. on R. 


Similar to Definition[8I} 


Definition 146 Let f,, f be functions a.e. defined on a set K. We say that the sequence 
{fn} CONVERGES ALMOST UNIFORMLY to f on K when for every € > 0 the following equivalent 


statements hold: 


1. there exists an open set O such that 


A(O) < eand {f,,} converges uniformly to f on K \O. 


2. there exists a multirectanglq')A such that 
L(A) < &, Jy is open and { f,,} converges uniformly to f on K \ Ip. 
The multirectangle can be chosen c-closed and almost disjoint. 


We note: “{ f,} converges uniformly to f on K \ O” is equivalent to “{( fn) |x\9 } converges 


uniformly to fix.” 


°but note that the proof we are going to give here holds in any dimension, also in dimension 1. 

l0observe a discrepancy between the present definition and Definition here we must 
explicitly state that J, is open. This specification was not needed in Definition |81}since when 
d = 1 multiinterval are composed by open intervals and because of Theorem|I7| 
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We must be clear on the content of this definition. The sequence {f,,} converges almost 
uniformly to f when the following holds: we fix any ¢ > 0 and we find an open set O, such 
that A(O,) < € and such that the following property is valid: for every o > O there exists a 
number N which depends on o and on the previously chosen set Oz, N = No,o,, and such 
that 


ees = Iflx)-f@|<c. 


The important point is that O does not depend on o. 


Now we can state a result similar to that in Theorem[82] 


Theorem 147 (Egorov-Severini: preliminary statement) Let {f,} be a sequence of continu- 
ous functions defined on the closed and bounded rectangle R. If the sequence converges on R to 
a function f: 


lim fn(x) = f(x) Vx ER 
n—+00 
then: 
I. the sequence converges almost uniformly; 


2. the limit function f is quasicontinuous. 


The proof is in Appendix |4.A] 
A consequence (actually an equivalent formulation) is Egorov-Severini Theoren{™] 


Theorem 148 (Ecorov-SEvERINI) Let {f,} be a sequence of quasicontinuous function a.e. de- 
fined on a rectangle R. We assume: 


1. the rectangle is bounded; 


2. for every € > 0 there exists an open set O such that A(O) < € and {f,,} is a bounded 
sequence on R \ O; 


3. we have 


lim f,(x) = f(x) ae.xER|. 
n—-+00 
Under these conditions: 
1. the convergence is almost uniform; 


2. f is quasicontinuous. 


As seen in Remark |[84|the assumption that R is bounded cannot be removed. 

The two theorems|147]and[148)are equivalent since the first is a particular case of the second 
and, in its turn, implies the second. This fact precisely correspond to the fact which holds when 
d = | but the proof now is less direct since we cannot relay on a convergence property analogous 
to that in the statement [2] of Theorem [33] Instead, the proof relays on the the monotonicity in 
Theorem|L15 

Before proving that Theorem[147]implies Theorem[148] we state the following corollaries, 
which are analogous to Corollary |86|and|[87|seen when d = 1. 

Corollary is a consequence of Corollary and the proof is analogous to that in 
Sect.[2-T-T]while Corollary[149|does not need an independent proof since it is a step in the proof 
of Egorov-Severini Theorem. 


“the proofs by Egorov in [9] and by Severini in concern functions of one variable. 
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Corollary 149 Let {f,,} be a bounded sequence of quasicontinuous functions a.e. defined on a 
bounded rectangle R. The following properties hold: 


I. let {fn} be either a.e. increasing or decreasing on R and let 
f(x) = lim f(x) a.e.xeER, 
n—+00 


The function f is quasicontinuous. 


2. Let f be either 
f(x) =limsup fn(x) or f(x) = liminf f, (x) a.e.xeER. 
n—+00 n—+00 
The function f (x) is quasicontinuous. 


Similar to Corollary[87] 


Corollary 150 Let {f,} be a bounded sequence of quasicontinuous functions defined on a 
rectangle R and let 


$(x) = sup{fi(x), n> 1} 
W(x) =inf{fa(x), n> 1}. 


The functions $ and W are quasicontinuous. 


The Proof that Theorem |147|Implies Theorem |148} Due to the fact that OR is a 
null set, we can assume that R is closed. We proceed in 3 steps. 


Step 1: the case that { /,,} is a monotone sequence. 


Let {f,} be increasing. We fix any ¢ > 0 and any set O, such that A(O,) < e and such that: 
1. the sequence {f;,} is bounded on R \ Oz; 
2. for every n, the restriction of f, to R \ Og is continuous. 


We denote fn,¢ the Tietze extension of f, obtained from Tonelli algorithn{/?Jin the Appendix3.A] 
We have: 


1. every function f,,¢ is continuous on R; 


2. the sequence { fn,¢} is bounded and increasing on R and so { fn,c(x)} converges pointwise 
to a function f for every x € R. 


3. on R \ Og we have fn.e(x) = f(x) and so also f(x) = f(x). 


or, from any other algoritm provided that it preserves monotonicity of sequences. 
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The sequence { f,,-} satisfies the assumptions of Theorem So, there exists an open set Oz 
such that 
a (6.) <é, fn > f uniformly on R \ Og. 


Uniform convergence implies continuity of Fee and so 
é 


=f is continuous 
Fim\(cvbe) . 


f 


Ir\(Gev0e) 


Stn — f uniformly on R \ (0. U de) 
a(6. Ue] <2e. 


This argument shows that Egorov-Severini Theorem holds for increasing sequences since ¢ > 0 
is arbitrary. 
Analogously it is proved that it holds for decreasing sequences too. 


Step 2: quasicontinuity of f even if { /,,} is not monotone. 


We give two proofs of this statement since the formulas we find in the two cases are both used in 
the third step. 


The first proof. 


We consider a sequence {f,} which satisfies the assumption of Egorov-Severini Theorem. We 
do not assume that { f,} is monotone as we did in the Step 1. In spite of this, we prove that f is 
quasicontinuous. 

We fix ¢ > O and the open set O. as in the Step 1, such that 


a(6.) <e, Sfn(x) > F(X) Vx ER\ Og. 
For every pair N and m of natural numbers, we define 
we, =max{fiv(x), frvai(®), -.- 5 fvem(2)}. 
The functions py satisfy the assumptions of Egorov-Severini Theorem and furthermore se- 


Nim 


(s) is increasing and bounded on R \ O,. Hence, it is convergent and from the 


quence m +> Wy, 


Step 1, 
oy) = im Wyn 


m—-+00 
is quasicontinuous. 


The sequence N t> gp is decreasing and bounded R \ O.. It satisfies the Assumption of 
Egorov-Severini Theorem and 


lim eo! = limsup f,(x) = f(x) aexeR, 
N—-+00 n—-+00 


— 


since { fy } is a.e. convergent by assumption 


We invoke again the Step 1 and we see that 


f= lim oy is quasicontinuous 
N—-+00 
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as wanted. 


We recapitulate what we found: we fix arbitrary numbers ¢ > 0 and ao > 0. Then: 
70 an” ate a(O“) < e and 
a,0; 


ee 


(s) = 
>No, = WE-Fel<o. GD 


The second proof. 


In the Step 2 we proved quasicontinuity of f by using f = limsup,,_,,.. fn. We can equivalently 
use f = liminfy—+0 fn. We give the details which will be used in the Step 3. We fix N > 0 and 
we define 


WN m = Mint fiv(x), five), .-- 5 fivem(x)}. 
(i) 


The functions y,,_,, satisfy the assumptions of the Egorov-Severini Theorem and the sequence 


mr WN m 18 decreasing. Hence, from the Step 1, 
G@) _ 4; (i) 
Pn im Lu Yim 


is quasicontinuous. 
The sequence N t> gp (which satisfies the assumptions of the Egorov-Severini Theorem) 
is increasing and, from the Step 1, 


lim po is quasicontinuous . 
N—-+00 


Now we use 
lim ¢%) = liminf f,(x) = f(x) ae.xeER 
n—-+co 


N—-+00 
-_——— 


since { fy } is a.e. convergent by assumption 


and we conclude that f is quasicontinuous. 


We recapitulate what we found: we fix arbitrary numbers ¢ > 0 and o > 0. Then: 


F0 AN : ao) <éand 


mene: 16 (x) — f(x) (4.8) 
t => X)- XxX <o. is 
N>NO on 


Step 3: end of the proof: {/,,} converges almost uniformly to f on R. 


We assign arbitrary positive numbers ¢ and o and we combine both the result in the Step 2. We 
put 


—~ als) (i) = (s) (i) 
O;. =O; UOz’, No,o, = max fee : 
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The formulas and give: 


A(O,z) < 2e, and 


( x€R\Oc, _, | fe)-o<dN@)< fate, 
N > Noo, f@—o <6 (x) <f(x)to. 


Now we observe: 


f(x) < 64) (x) so that { ee ae => fy(x) < f(x) +o] ; (4.9a) 
Analogously: 
f(x) = 6X) (x) so that ({ ne es = f(x)-o< ie) (4.9b) 


We combine and (4.9b): for every ¢ > 0 we found an open set O, such that 
A(O;) < 2 and with the following property: for every o > 0 there exists N which depends 
on o and on the previously chosen and fixed set O;, N = No,o,, Such that 


N > Noo. => (Ifv() - FQ) <2 Vx €R\ Oe). 


This is the property that the sequence converges uniformly on R \ Oz. The proof is finished 
since € > O is arbitrary. 


4.3 Absolute Continuity of the Integral 


As in the case of functions of one variable, the integral is an absolutely continuous set function, 
i.e. the following result holdg®| 


Theorem 151 Let f be summable on R4. The set valued function 


ov f p(s) ax (O open) 

O 

is well defined and it is ABSOLUTELY CONTINUOUS in the sense that for every € > 0 there exists 
6 > 0 such that 


(Oo) <6 => i f(x) dx| <e. (4.10) 
O 


Of course, in order that this statement makes sense, we must know that the open set O 
satisfies Assumption i.e. that its characteristic function is quasicontinuous. This we prove 
first. 


13this statement of absolute continuity is not the most general. The general statement is in 


Sect. Theorem|i92| 
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4.3.1 The Characteristic Function of an Open Set 


We extend Theorem [88] to functions of several variables. The proof uses the representation of 
open sets in terms of multirectangles, hence it is a bit more elaborated since we must relay on 
Theorem while when d = | we can use Theorem[I7] 


Theorem 152 Let O be a nonempty bounded open set. Its characteristic function 19 is quasi- 
continuous. 


Proof. Let R be a bounded rectangle such that O C R. 
We represent O = Un>1Rn where R,, are closed almost disjoint rectangles such that 


° 


R, =intR, #90. 


fe} fe} 
We note that OR, = OR, is a null set so that also U,z>10Ry = Uns10Ry is anull sel] 
We consider the increasing sequence of open sets 


N fe) 
On = Ore 
n=1 


The characteristic function 19,, is bounded quasicontinuous since 


N 
Loy (x) = 2, 1, (2) 
and the sequence {1o,,} is increasing. We observe: 


* whenx € O\ [unsia: in this case there exists N, such that x € Oy forevery N > Nx 


and so for N > Nx we have 19,,(x) = 1. Hence 


yim loy (x) =l= lo(x) ‘ 


* when x ¢ O: in this case x ¢ On for every N and 19,, (x) = 0. So, also in this case we 
have 
yim lon (x) =0= 1o(x) : 


* nothing we assert when x belongs to the null set U,»>1;0Rn. 


It follows that 19 is a.e. limit of a sequence of quasicontinuous functions and it is quasicontinuous 
from Egorov-Severini Theorem. I 


Theorem has the following consequence: 


1. if f is summable and if O C R is an open set then the integral of f on O exists 


[reyac= f rootow ar. (4.11) 
O R 


fe} 
we are not asserting that 0[U,>,R,] is anull set. In fact, in general it is not, see Remark|196 
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2. we can associate two numbers to the open set O: 


Snot fe Le, (x) dx Dnet Je Be, (9) by 
ll i] 
Aa, — 
0) = YS) A(Rn) = SY) a(R) 
n>1 n>1 
flo) dx = fy[Znaite,(s)] dr = — fy[Znor Te ()] de. 


since, we repeat, a.e. x € R we havd5| 


+00 +00 
Lo(x) = lim Loy (x) = D) 1, (x) =D) 1k, @). 
n=l n 


n=1 
We prove: 
Theorem 153 We have: 
A(O) =i 1o(x) dx. (4.12) 
R 


Proof. We use the fact that 19 is quasicontinuous and the equalities 


+00 
Lo(x) = tim Toy (x) = 3 Le (x) ae.x€O, (4.13) 
nzl TL 


[roe are f]Sa,,00] dx. (4.14) 


n=1 


Equality (4.13) does not hold on the null set UF" OR and 


loy (x) < lo(x) ae.x€eO 


N 
i ° < F 
slim >) fog, aes J Bote ax 


We prove that equality holds: we prove that if for every N we have 


N 
doses f to(ydr-)) fa, Gav 
n=1 7 
=f tots) av J, ax= [ 


then it must be a = 0. 


so that 


» 7) dx (4.15) 


n=N+1 


note that {R,} is not a finite sequence since a finite union of closed sets is not open, unless 
it is the entire space. 
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Note that the integrals in (4.15) are Lebesgue integrals, i.e. limits of Riemann integrals of 
associated continuous functions. 

For every n we construct an associated continuous function of order 1/n of the integrand as 
follows: 


1. we choose an associated multirectangle Aj., of order 1/2v of the function 1g and we 
denote 


( 1 o)v 
an associated continuous function of order 1/2yv. 


By definition the associated continuous function is a Tietze extension and we know that it 
is possible to choose an associated continuous function which satisfies the monotonicity 
assumptions of Theorem 


The difference (19), — 1g is nonzero on Jy, where L(A;) < 1/2n. 


eee 


n=1 and 


2. we choose an associated multirectangle A>.,, of order 1/2v associated to >) 


N 
Dale, 


n=1 y 


n 


we denote 


an associated continuous function of order 1/2yv. 


Also in this case we choose an associated continuous function which satisfies the mono- 
tonicity assumptions of Theorem 


The difference 
N 


N 

Sa, ) - Sa 
Rn Rn 

n=1 


y n=l 


is nonzero on Ja, ,, where L(Az,,) < 1/2y. 


The function 


Fy.y(x) = (lo)y - 1. 


is an associated continuous function of order 1/v to 


This associated function takes values in [0, 1] thanks to the fact that both the associated functions 
we chose satisfy the monotonicity assumption and because 


By definition, the Lebesgue integral in is 


lim | Fy.y)(x) dx. 
R 


y—too0 
ns 


Riemann integral 
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We investigate where F'y.,, can possibly be different non zero: this is where the integrand in (4.15) 
is non zero and on J, where A, = Aj, U Ap y. 


+00 
{x + Fev(x) #0} S| () Rn] U La, 
N+1 
and 
+00 . 
(J Rn] Us, =I 
N+1 


where A is a multirectangle such that 


" 1 +00 6 
L(A) < -+ oy L(Rn) . 
: n=N+1 


We use Lemma and we see that 


1 +00 3 
0< [ Fyn(s) dx < —+ ) L(R,) since 0 < Fy.n(x) <1. 
is V n=Nel 
ee 


Riemann integral 


The limit for vy — +00 gives 


00 Rua 
oes [| > 14,09 dx = tim, [ Fyn(s) de < L(Ry) - 
n=N+1 n=N+1 


F Riemann integral 
Lebesgue integral & 


This inequality holds for every N and the limit for N — +00 gives a = 0, as wanted. I 


Remark 154 The statement of Theorem|153|can be written as 


. N 
2, / 1, @) a = i Ke) ae 


and it is a first instance of the exchange of limits and integrals, the main goal of this chapter. 


4.3.2 Absolute Continuity: the Proof of Theorem/|151 


It is sufficient to prove the theorem when f > 0. 
First we consider the case that f is a bounded quasicontinuous function, 0 < f(x) < M on 


R. We combine (4.11) and (4.12) and we find 
os f payacem [ rar= f to(s) a= Maco). (4.16) 
O O R 


So, absolute continuity holds when the integrand is bounded. 
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We consider the general case of summable functions on R¢. The procedure is similar to that 
used in the proof of Theorem[91]in Chap. [2] first we fix R and N such that 


/ fx) dx / Faevaeee. 
Rd Rd 


Then we use absolute continuity which holds when the integrand is the bounded function f,; (r,): 
we fix 6 > 0 such that 


UO)< 6 = 0< f faceny(s) dr <e/2. 


Then we have 


| f(x) dx < I f(x) = fasten) (x)] dx 
O O 


S Joa Lf (x)—Fi; (R,N) (x) ] dx < €/2 


+f fanaa) de <e, | 


4.4 The Limit of Sequences and the Lebesgue Inte- 
gral 


In this section we examine the theorems concerning limits and integrals. The statements and the 
proofs are the same as those in Chap. [2| provided that we use the Egorov-Severini Theorem|[148} 
and absolute continuity of the integral, i.e. Theorem [151] So, we confine ourselves to state the 
results. 

The first theorem concerns bounded sequences on bounded sets: 


Theorem 155 Let {f,} be a bounded sequence of quasicontinuous functions on a bounded 
closed rectangle R C R4. If 


lim f(x) = f(x) a.e.onR 
n—-+0eo 
then we have also 


n—-+0o0 


lim | fata) av = ff) ae. 


As a second step we examine sequences of nonegative functions and, as in Sect. we 
derive Fatou Lemma and Beppo Levi Theorem: 


Lemma 156 (Fatou Lemma) /f {fn} is a sequence of nonnegatrive functions which are inte- 
grable ona set A and if fy(x) — f(x) ae. on A then we have 


[ tora <timint | fy(x) de. (4.17) 
A nto Ja 
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Theorem 157 (Beppo LEvI Or MONOTONE CONVERGENCE) Let { f,} be a sequence of integrable 
nonnegative functions on A and let 


O< frlX) < fnsi(x) ae. x € A, lim | fn(x) = f(x) aexed. 


Then we have 


lim fas) d= f f(x) de. (4.18) 
A A 


n—-+0eo 


We recall Remark|95|of Sect. the statement of Beppo Levi Theorem does not hold for 
decreasing sequences, and the inequality in Fatou Lemma in general is strict. 
Finally we consider the general case and we state: 


Theorem 158 (LEBESGUE Or DOMINATED CONVERGENCE) Let {f,} be a sequence of summable 
functions a.e. defined on A © R¢ and let fy > f ae. on A. If there exists a summable 
nonnegative function g such that 


lfn(x)| < g(x) ae.xeA 


then f (x) is summable and 


tim f fur) d= ff) ae. (4.19) 
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Appendix 


4.A Egorov-Severini: Preliminaries in Several Vari- 
ables 


In this appendix we prove Theorem The proof follows closely the proof we have seen in the 
case of functions of one variable (seen in the Appendix [2. A). So, we repeat the statement and we 
give the details of significant proofs or when there are significant differences. 


4.A.1 Preliminary Observations 


We need the following quite obvious observations on the measure of multirectangle sets. These 
observations are similar to those in Sect. 2.A.2] just a bit more elaborate since the multirectangle 
we must consider when d > | are not disjoint but almost disjoint. 

We recall that a set A is a MULTIRECTANGLE SET when 


A=) and A is almost disjoint . 


Although the results below holds without this condition, in this appendix we explicitly assume 
that A is composed of rectangles of positive measure since this is the case we shall need. 
We recall the definition 


A(A) = L(A). 


Observation 1. The monotonicity OF THE MEASURE i.e. Lemma statement|1} if 
A and B are multirectangle sets and if A ¢ B then A(A) < A(B). 


Observation 2. The appitiviry oF THE MEASURE i.e. Lemma statement [2] let 
A, = {Rin} and Ao = {Ro,n} be almost disjoint multirectangles. We have 


Rin Ro; =@ Vn, J] => A(T uAy) = L(A, U Ao) = L(A;) + L(A2) 
= A(La,) + A(La3) ‘ 


An equivalent formulation is as follows: if A and B are multirectangle sets and if AN B = 0 then 
A(A U B) = A(A) + ACB). 
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Observation 3. Let S and S be rectangles. If nonempty, both $M Sand S \ S are finite 
unions of rectangles which are pairwise almost disjoint. If A = {Ry}n>1 is an almost disjoint 
multirectangle we can represent any SM R,, which is nonvoid as just described: 


N(n) 
SOR, = LJ es: 
v=l 


In order to simplify the notations, if SO Ry = 9 we put N(n) = 0 and we intend that 


Une 0, £((Re3)=0, 
v=l 


This way we get an almost disjoint multirectangle which we shortly denote SN A: 
SNA={SO Rn} ={Rnv} Cndexed by (n, v)) 


and 
N(n) 


L(SNA) = .S oy Rn.y < min{L(S), L(A)}. 


n>0 v=l 


Observation 4. Let A = {R,,} and A = {S,,} be two almost disjoint multirectangles and 
let 
N(n,k) 
Ry, NSE = J Rnk:y (finite union of almost disjoint rectangles) . 
v=1 
As in the Observation 3, if Ry; S_% = ® we put formally N(n,k) = 0 and we intend that the 
sequence indexed by v from | to 0 does not exist. 


The sequence (indexed by the three indices n, k and v) {Rn,x-y} is an almost disjoint 
multirectangle and 


N(n,k) 
L({Rn,ewt) = >) Y) L(Rn,kw) $ min{L(A), L(A)}. 
n,k v= 
If it happens that 
irae di 
then 
N(n,k) N(n,k) 
ne | ieee | Ll eee SU seamen 
n,k v=l k>1 tn>1 v=l k>1 
and 
N(n,k) 
L(A) = ER) => Lend). (4.20) 


nk v=l k>1 
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Observation 5. If it happens that J, C R and S C R (R and S both rectangles) then we 
havd)5| 
A= [sn Al Ji(R\ 8) 94] 
—~_ -—n~———— 
A Ao 


We represent R \ S as the almost disjoint union of finitely many rectangles. 
When A is almost disjoint both A, and A are almost disjoint and no rectangle of A, intersects 
a rectangle of A>. The additivity property in Observation 2 gives 


A(La) = L(A) = L(A}) + L(A2) = A(La, ) + AL) ‘ (4.21) 


The previous considerations permits to extend the arguments in the Appendix [2.A]from the 
case d = 1 to the cased > 1. 

We statd!7} 
Lemma 159 Let {A,,} be a sequence of multirectangles in R¢. We assume: 

1. the existence of a bounded rectangle R such that Ip,, © R for every n; 

2. every multirectangle A, is almost disjoint; 

3. Jp,., © Ip, for every n; 

4. there exists 1 > 0 such that L(A,) > I for every n. 
Under these conditions, there exists x9 € R¢ which is an interior points of every Jh,,- 


The proof is world by world equal to that of Lemma provided that “interval” is replaced 
with “rectangle” and “disjoint” with “almost disjoint”. So, the proof is not repeated. 


Remark 160 We recall that the boundedness assumption in the statement|I]of the Lemma cannot 
be removed, see Remark|101| 


We shall also use Lemmaf98] As noted in Remark{98] this lemma, proved in the Appendix|2.A] 
holds for functions of any number of variables. 
We repeat the definitions of the functions v,,,, and w,, and the statement of the lemma. 


Lemma 161 Let {f,} be a sequence of functions defined on a rectangle R and let Vy.m(x), 
Wm(x) be the functions 


Vnm(x) = max{| finer (X) — fints(X)| Lr<n, l<s<n}, 
(4.22) 
Wm(x) = sup{Vnm(x) n> 1} < too. 
We have: 
1. monotonicity properties: 
6R\S={R,,...,Rx} and the rectangles are almost disjoint. Then Az = UE Ri NA. 


"we leave to the reader the reformulation of the lemma in terms of open sets, as explicitly 


done in the Lemmafi00)of the Appendix |2.A] 
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(a) for every x € Rand every m, the sequence n > Vpn.m(Xx) is increasing. 


(b) the sequence m ++ W,,(x) is decreasing. 


(monotonicity of the two sequences needs not be strict). 


2. the convergence of the sequence n> f,,(x) for a fixed value of x: 


(a) letnt> f(x) converge. Then the sequence n +> Vn.m(x) is bounded so that 


Wm(X) = SUP Vnm(X) = lim vyam(x) € R (4.23) 
n>0 n—+00 
and we have also 
lim w(x) =0. (4.24) 
m—-+0o 


(b) let limm—+oo Wm (x) = 0. Then the sequence n> f,(x) converges. 
(c) let S be a subset of R. The sequence {fn} converges uniformly on S if and only if 


the sequence {Wm} converges to 0 uniformly on S. 


3. let S € R. Let us assume that each function ( fn)\, be continuous on S and let € > 0. The 
set 
Ame = {x € S,Wm(x) > €}. 


is relatively open in S. 


We stress again the fact that the statements [2a] [2b]and [2c] of Lemma[I61] recast pointwise 
convergence of the sequence {f,(x)} in terms of the convergence to 0 of the sequence 
{wm(x)} and uniform convergence of {/,,} in terms of uniform convergence to zero of 


{Win}. 


4.A.2. The Proof of Theorem (|147 


As in Section of the Appendix [2.A] first we state and prove a lemma which is the core of 
Egorov-Severini Theorem. The proof is similar to that of Lemma of the Appendix [2.A] but 
we find convenient to repeat this proof. 


Lemma 162 Let R be a bounded closed rectangle and let { f,} be a sequence of continuous 
functions defined on R. We assume that the sequence { f,(x)} converges for every x € R. 
We prove that for every pair of positive numbers y > 0 and n > O there exists 


1: analmost disjoint c-multirectangle Ay,, which is a multirectangle of an open set Ay,n = In 
and such that 


Yo 


L(Ay,7) = A(Ay,n) < Y- 


2: anumber My,,, such that 


xeER\ Tins 


m> My ny = |fmsr(x) — fines (x)| <7. 
r>0,s>0 
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Proof. We recast the thesis of the lemma in terms of the functions w,,(x) defined in as 
follows: for every y > 0 and 7 > 0 there exists an almost disjoint c-multirectangle A, such 
that 


XER\Ly, => Wm(x) <7 


L(Ay,n) < y and { ae 


This we prove now. 
Let 7 > 0 and 
Amn = {x € intR,Wm(x) > 7/2}. 


Statement 3] of Lemma[I61]shows that the set A,,,,, is open. So, there exists an almost disjoint 
c-multirectangle A,,,, such that Aj», = La,,,,. Moreover, the component rectangles of Am, 
have nonempty interior (see Theorem|[I42). 

Ifxe R\ Jh,,,, = R \ Am.n we have 


Wm(x) < 7/2. 


We note 
lim L(Am,n) =0. (4.25) 
m—+0co 


In fact, the sequence m +> w,,(x) is decreasing so that 
Dia = Am+i,n c Am,n C Di - 


It follows that {L(Am,7)} = {A(Am,7)} is decreasing too and limjn—+0o L(Am,7) exists. 
If the limit is positive then there exists / > O such that 


L(Am,n) > 1 >0 Vm 


and, from Lemma there exists xq € Jj,,,,7, for every m. So, for every m we have Wn(Xx0) > 7. 
Statement|2alof Lemma shows that the sequence { f;,(xo)} is not convergent, in contrast with 
the assumption. So it must be 


lim L(Am,) = lim A(Am,y) =0. 
m—-+00 m—+00 
It follows that there exists M, ,, such that when m > M,,,, then we have 


L(Am,n) < Y> 
XE R\ Ixm.n) — Wm(x) Sn/2<7. I 


It is worth repeating the observation in Remark 


Remark 163 (Important observation) The sets A,,,,, can be chosen with different laws, for 


example by replacing 7/2 in (2.29) with 7/3, or by replacing Ajm,,, in (2.29) with larger open 
sets, provided that (2.31) holds. So, the number M,,,, does depend also the chosen set Ajn,17. 


Now we examine ‘Leoal As in Sect. of the Appendix [2.A] in the next box we 


report the statement of Lemma}162/and that of Theorem (recasted in terms of the functions 


Wm defined in (4.22)). 
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The functions w,, are defined on a bounded closed interval R. 


Under the assumptions of Lemma We must prove 
we proved 
For every y > 0 and 7 > 0 there exist an Ve > 040, such that 
open set A, and a number M,,,, such O; is open and A(O,) < € and 
that Vo >04M > 0 such that 
ifxe R\Oz,m>M 
A(Ay,n) bed | then wy(x)<o . 
| ifm > My,,, andx ¢ Ay,» 
then W(x) <7. The number M depends on the previously 
chosen and fixed set O, and ono. 


The important fact to be proved is that O; does not depend on a. 


By looking at this table, we see that it is precisely equal to that in Sect. of the 
Appendix [2.A]and so the proof is concluded with precisely the same steps as in the case of the 
functions of one variable. 


Remark 164 We repeat that the proof of Egorov-Severini Theorem uses the assumption that R 
is bounded, hidden in the use of Lemma | 
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Reduction of Multiple Integrals 


The calculation of Riemann integrals of functiuons of several variables is simplified if it can be 
reduced to a chain of computations of integrals of functions of one variable. Whether this can 
be done depends on the properties of the domain of integration and, in the context of Riemann 
integral, it is quite difficult to derive general conditions under which reduction can be achieved. 
In this chapter we see that similar reduction formulas exist also for the Lebesgue integral with 
the further bonus that in the case of Lebesgue integration general conditions can be given. 


5.1 Discussion and the Reduction Formulas 


We defined the Lebesgue measure and integrals in R@ for every dimension d. There is an obvous 
relation among the measures in R¢ for different values of d. For example if R = [a, b] x [c,d] € 
R? is a rectangle then its measure in R? is the product of the measures of the intervals J = [a, b] 
and J = [c,d] both computed in R!: A(R) = ACJ) x A(J) and this equality has a corresponding 
formulation in terms of the (Riemann) integral: 


b d 
a(R) = [ 1dr dy= f L/ 1 dy| ae. 
[a,b|x[c,d] a c 


This equality holds also if the constant function | is replaced by any continuous function f(x, y). 
In this section we study conditions under which the following REDUCTION FORMULA holds 
for the Lebesgue integral: 


[for ae ay =f 


We note a difficulty with the equality (5.1): let R = [-1,1] x [-1,1] and let f(x,y) =0 
when y # 0 while f(x, 0) is aon measurable functior"| Then f is a.e. equal zero on the rectangle 
R, hence quasicontinuous, since a segment is a null set, but the restrictions of f to segments need 
not be quasicontinuous on the segments. So, the inner integral on the right side cannot be always 
computed while the integral on the left exists and it is equal zero. 

The results we are going to prove are stated in Sect. [5.1.1] while the proofs are in Sect. 
Preliminary results are in Sect.|5.1.2 


a f(x,y) ay| dx,  d=d,+d>. (5.1) 


Ithe existence of such kind of functions will be seen in Remark of the Appendix|6.A 
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5.1.1 Notations and the Statements of the Theorems 


We use the following notation: 
An denotes the Lebesgue measure in R” . 
We work in dimension n = d + 1, R" = R“*!. We represent R@*! as the product space 
R“@!=RXR?. 


The elements of R@*! are represented as (x,y) where y = (y,,... , ya) € R@. 
An integral on R, R@ or R“*! is denote d2| 


fore fone, [ov eeey). 


With these notations we can state the following Fubini and Tonelli Theorems. 


Theorem 165 (Fusini) Let (a, b) x R C R&*! be a (possibly unbounded) rectangle and let f be 
a summable function on (a,b) x R. We have: 


1. the function y > f(x,y) is summable for a.e. x € (a, b). 
2. the function 


xh [toy dy 


is a.e. defined and summable on (a, b). 


3. the following reduction formula holds: 


b 
_— f(x,y) d(x, y) = / ff f(xy) ay| dx. (5.2a) 


We note: 


The formulation of the Fubini Theorem looks restrictive since it concerns integration 
on rectangles. In fact, after the introduction of suitable notations we can see that the 
formulation is general. This observation is in Sect. [5.2 before the proof of the theorem. 


The rectangle (a, b) x R is 


d 
(a, b) x [Toe bo] 
jt 


We singled out the “first component” (a, b) in the statement of the theorem but permuta- 
tions of the order of the components do not change neither the rectangle (a, b) x R nor 
the value of the integral. 


Equality can be iteratively applied to the inner integral on the right side of (5.2a). 


in Corollary we use an obvious extension of these notations. 


5.1. DISCUSSION AND THE REDUCTION FORMULAS 129 


By taking these observations into account we deduce: 


Lon gfordcn= [LP | LO toaneszad--- dn] an] a 


The order of the integrals can be arbitrary changed and by suitably collecting them we get the 
following equality. Let (x,y) = (x1, x2), x; € R% with dj+d2 = d+1, and let (a, b)xR = R| XR 
be the corresponding decomposition. We have: 


Corollary 166 Let the assumptions of Theorem hold. We have: 


1. The functions x2 +> f (x1,X2) and x1 +» f(x1,X2) are summable respectively for a.e. x1 
and for a.e. X2. 


2. the functions 
Xj be | Ff (X1, X2) dx2, X2b | J (X1, X2) dx 
Ro Ri 


are a.e. defined and summable; 


3. The following equality holds: 


| f (%1,X2) d(x, X2) = y f (x1, X2) dx2] dxy 
R,XR> Ri Ro 
=f J fous) dx,| dx2; (5.2b) 
R2 Ri 
4. In particular we have: 
b 
/ fonyacy= [| Flay) dx] dy. (5.2c) 
(a,b)xR R\Ja 


Remark 167 This remark is of interest to readers who have been introduced to integrability 
respect to arbitrary measures, a topic we did not touch. 

Needless to say, Fubini Theorem holds because the measure in a space of higher dimension 
is related to that of its subspaces. If this relation does not hold then the reduction formula does 
not hold too, as the following example show. Let 6 be the Dirac measure in R: 


1 if(0,0)EA 
0 otherwise. 


6(A) = | 


Every function which is continuous in a neighborhood of (0, 0) is summable respect to 6 and its 
integral on a set A is 

f(0,0) if (0,0)€A 

0 otherwise . 


It is then easily checked that the reduction formula does not hold for the function f(x,y) = 
1/[(1+x)(1 + y)] on the rectangle [-1/2, 1/2] x [-1/2, 1/2] with the Dirac measure, if we use 
the Lebesgue measure on the segments. 

In fact the abstract treatment of Fubini theorem first considers two spaces, X and Y, each 
one with its measure. The next step is the constructs the “product measure” in X x Y. After that 
Fubini Theorem, respect to the product measure, is stated and proved. tl 
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The second result we shall prove is: 


Theorem 168 (TonELL!) Let f(x,y) be quasicontinuous and nonnegative on (a, b) X R C R@! 
and suppose that y +> f(x,y) is summable for a.e. x € (a,b). The function (x,y) f(x, y) is 
summable on R (and so the reduction formula holds) if 


eis [ton ay| 


Remark 169 In order to appreciate Theorem it is convenient to keep in mind the following 
fact: there exists positive but not summable functions f(x, y) such that y + f(x, y) is summable 
for every x. An example in (—0co, +00) X (—co, +00) = R? is the function 


fy sel, 


This function f is not summable in R?. In spite of this, for every x we have 


is summable. 


+00 
[. fenay=2 
but note that the function 


+00 
xR i f(x,y) dy isnotsummable. 1 


5.1.2 Preliminary Results 


First we present observations on null sets and on sequences of Tietze extensions and then we 
examine the sections with planes and lines of multirectangle sets. 


Observation on Null Sets and Quasicontinuous Functions 


We use statement [2] of Corollary a set N C R” is a null set when there exists a sequence 
{Ax} of open multirectangleg?|such that 


N C Jy, and limp_4400 L(Ax) =0 « (5.3) 


It is possible to choose a new sequence {A;} of open multirectangles with the properties 


limy—+oo L(Ax) = 0, 
ic dh 


NC Jj and | (5.4) 


Fi, k 


The multirectangles A, are constructed as follows from the sequence {A,} in (5.3): by passing 
to subsequences, we can assume that the sequence {A;} has the following property: 


1 
L(Ax) < zk 4 


Then we define 


Ap = Ss Kove = So Ay so that L(A,) < 1/2* 30. 
ral v>k+l 
3according to the definition in the table[4.0. 1] amultirectangle {R;} is an open multirectangle 
when each Rx is open. 
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Remark 170 We combine the following observations: 
1. the sets J, are open sets. 


2. any open set is a multirectangle set and it can be “approximated” from outside by mullti- 
rectangle sets composed by open rectangles, see (4.6). 


By using these observations we can reformulate the property of being a null set as follows: a set 
N is a null set when there exists a sequence {Ox} of open sets such that 


limp+oo A(Ox) = 0, 


On, COR. O C2) 


NC Ox and | 


A similar idea we apply to the associated Tietze extensions of a quasicontinuous function. 

Let f be quasicontinuous on a rectangle R and let {A; } be a sequence of open multirectangles 
such that L(A,) — O and fx = f R\Ay is continuous. We denote fi, a Tietze extension of fx. 

The sequence { fx,-} in general does not converge to f not even a.e. on R but it is possible 
to select a suitable sequence of Tietze extensions which a.e. converges to f. As above, first we 
choose {A;} such that L(A;,) < 1/k and then we denote 


Ak = LJ Ay so that limg_5400 L(A) = 0 and Au a Ag . 


v>k+l 


Then we choose the sequence { fee} 


fe = Sore sothat fxe(x) = f(x) ifxe R\ Ag. 


N= (Ae 
k>1 
—S— 


Cc Ay Vy 
hence a null set 


Let 


If x ¢ N there exists K = K, such that x ¢ Ax,- So we have also x ¢ Ay for every v > K, since 
the sequence {A,,} is decreasing. Hence 


v>Ky => fel) = frre(x) = f(x) sothat lim fy.e(x) = f(x) 


as wanted. 


Sections of Multirectangle Sets 
Let A C R@!. We define its sections 


A, = {y such that (x,y) € A} C R®, 


Ay = {x such that (x,y) € A} CR. 0) 


The first result of this section, Lemma|171| gives information on the sections of multirectangle 
sets. Note that Lemma}171jis the statement of the reduction formula in a special case. 


Lemma 171 Let A C R@*! be a bounded multirectangle set, A C [a,b] x R where R is a 
bounded rectangle of R¢. We assume A = Un>1Rn where Ry are rectangles such that L(R,) > 0. 
For every x and y, let A, and Ay be its sections defined in (5-6). Then: 
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1. the section Ax is a multirectangle set of R¢ a.e. x € [a,b] and Ay is a multiinterval a.e. 
yeR. 


2. the functions 


b 
vey [acy dy = Ag(Ax), yoo f iy d= 


are bounded quasicontinuous. 


3. we have 
b 
it | La(x,y) d(x, y) = i | La(xy) ay dx 
[a,b|xR a R 
b 
-[ Aa(Ax) dx, (5.7) 
b 
aitAy= f tatay dey) = f f racy ar dy 
[a,b|xR R a 
= [aay dy. (5.7b) 
Proof. 


We prove the statement which concern the sections A, and the equality (5.7a). In an 
analogous way we can prove the statements which concern Ay and equality (5.7b). 
We note: 


the assumption 
A = Ly where A = {R,,} is almost disjoint and L(R,,) > 0 
implies 


Ax = {y such that (x,y) € A} = Jy such that (x,y) € Ry} = Jans 


n>1 n>1 


and (R,)x is a rectangle of R@. It follows that A, € £(R®) and so its characteristic function is 
quasicontinuous (see theorem[I77). 

This proves that the integral of 14, in the statement[2|exists. 

We prove that A, is a multirectangle set for a.e. x so that its measure can be computed by 
adding the measures of the rectangles. We divide the proof in the following steps. 


Step 1: we prove the statement I] of the lemma_ We must prove that the rectangles 
(R;,)x, considered as rectangles on the affine iperplane of the section, are almost disjoint for a.e. 
x. We need a notation. An open ball in R@*! of radius r and center (x, y) is denoted B((x, y),r). 
Let A C R@*!, We fix x and we consider the points y € A, which have the following property: 
there exists B((x, y), 7) such that its section is contained in A,: 


[B((x,y), |x S Ax. 


The set of the point y with this property is denoted “r.int A,”’. 

Let yo € (Rx), N1.int (R,)x. Then (x, yo) € Ry A Ry. These rectangles are quasidisjoint. 
So, the value of x must correspond to the coordinate of an “upper” or “lower” face of R,. The 
rectangles and so their faces are a numerable set. So, the family {(Rn)x} can be not almost 
disjoint only for a numerable set of values of x; and numerable sets are null sets. 
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Step 2: we prove the statement |2| of the lemma_ Egorov-Severini Theorem implies 
that x HH Ag(A,x) is quasicontinuous since 


Ag(Ax) = As ae.x€ [a, b| ‘ 


k 
SY) Aa((Rn)x) 
n=1 


the limit of a sequence of quasicontinuous functions. 

Boundedness follows from the assumption that A is contained in a bounded rectangle of 
Ra! 

We recapitulate: these observations prove the properties of A, in the statements{T|and[2|of 
the lemma. 


Step 3: we prove the statement |3] of the lemma _ In particular, we prove (5.7a). We 
note the following facts: 


1. For every n we have Ag41(Rn) = L(Rn) = L(int Ry) = Aa+1 (int Rn); 


2. the set Ud(R,,) is a null set, so that integrals computed on A and on A \ [Ud(R,,)] have 
the same value; in particular, 1g41(A) = Ag+ (A \ [UO(Ry)]). 


3. So, by removing the boundaries of the rectangles R, we can assume that R; NR; = O for 
every k and j and that the set A is a numerable union of disjoint rectangles. 


Now, equality follows from the following chain of equalities, which is justified below: 


ie yeas y free) *3 I ; [ff testy) dy] ar = 
n=1 n=1 Rn R 


n=1 "4 


Riemann integral both Riemann integrals 


Riemann 
integral 


ee OO 
b | +99 b 
fd f tence ay] ar= f 
a n=l R a 


Saal (Rn)s) 
n=1 


b 
a= [ Ag(Ax) dx . 
Sd 


: Lebesgue integral 
Lebesgue integral cia road a 


Lebesgue integral 


These equalities are justified by the following observations: 


1. the integrals denoted “Riemann integrals” are integrals of piecewise continuous functions. 
Hence they are bona fide Riemann integrals and so also Lebesgue integrals. 


2. the sequence 


k k 
a > fl lr, (x,y) dy = D/A Bods) 


is a bounded increasing sequence of nonnegative functions. It is bounded by 2g(R) since 
we reduced ourselves to the case that the rectangles R, are pairwise disjoint. Its limit 
is Ag(Ax) and x # Ag(A,) is quasicontinuous since it is the limit of a sequence of 
quasicontinuous functions. 
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3. The exchange of the series and the integral is justified by Beppo Levi Theorem. Note that 
once the series and the integral has been exchanged, the exterior integral is an integral in 
the sense of Lebesgue. 


4. the equality 
+00 
Da((Rn)x) = Aa(Ax) 
n=1 


follows (a.e. x € [a, b]) from the fact that the sets (R,,), are pairwise disjoint. 
These observations complete the proof. § 
The second result of this section concerns sections of null sets. 


Lemma 172 Let N C [a,b] x R C R®! be a bounded null set. Let N, and Ny be its sections 
defined as in (5.6). Then N, is a null set a.e. x € [a,b] and Ny is anull set a.e. y € R. 


argument, based on (5.7b), shows that Ny is a null set. We use (6.5). Because N is a null set, 


Proof. We use Remark and we prove that NV, is a null set. The proof uses (5.7a). A similar 
there exists a sequence {O;} of open sets with the following properies: 


b 
NCOs, © Ox forall k and Agii(Ox) =} Ag (Ox)x) dx > 0. 


a 


Note that can be used since nonempty open sets are multirectangle sets, union of rectangles 
R, such that L(R,) > 0 (see Theorem|}142). 
The inclusion 


Nx © (Ox+1) x c (Ox)x 


shows that k + Ag ((Ox)x) is bounded decreasing, hence convergent for every x, 
lim da ((Ox)x) = f(a) > 0. 


Theorem implies 


tun(Or)= faa») de> [fey dr andso ffl) ax=0. 
Theorem[190]shows that f(x) =0a.e. x € (a,b) and so 
Ag ((Ox)x) 20 a.e.x € (a,b). 
So we have a.e. on [a, b]: 
Nx © (Ox)x 5 (Ox)x is open in R¢ and A((Ox)x) 3 0. 


It follows that N, is anull set a.e. x € (a,b). 


The previous lemma can be lifted from bounded to unbounded null sets, by intersecting the 
set with an increasing sequence of rectangles, but we don’t need this observation. 


5.2. FUBINI AND TONELLI THEOREMS: THE PROOFS 135 


5.2 Fubini and Tonelli Theorems: the Proofs 


Before proving the theorems, we note that the statements, expressed in terms of rectangles, are 
not restrictive. We recall that we defined 


/ fx,y) dez,y) 
A 


when the set A has the property that 14 is quasicontinuous and wherf4] fia is integrable. By 
definition: 


7 f(xy) d(x,y) = / fe Vlas) dey). 
A Rat! 


Fubini Theorem can be applied when fil, is summable. Under this condition formula 
takes the following forn>| 


[te y) d(x, y) ah f (x1, X2) 14 (X1, X2) d(x1, x2) 
A R41xR2 


/ f (X1, X2) 14 (x1, X2) axa dx 
R22 


RA 1 


-[ / f (X1, X2) 14 (X1, X2) On| dx 
R41 | J Ax, 


=. | f (x1, X2) dxy 
Ax, |/ Ax, 


After this observation we prove Theorem Linearity of the integral shows that we can 
prove the theorem separately for the functions 


dx2 : 


fr, y) = max{ f(x, y) ? O} ? f-, y) = min{ f (x, y) ’ O} 


i.e. we can prove the theorem when the function has constant sign, say when 


f20. 


First we prove the theorem when f > 0 is a bounded functions on a bounded rectangle 
(a, b) x R. Then we extend to the general (unbounded) case. 


Fubini Theorem: f Bounded on a Bounded Rectangle 
We use the following facts: 
¢ The Lebesgue and the Riemann integrals coincide for continuous functions; 


¢ the reduction formula on a rectangle holds for the Riemann, hence the Lebesgue, integral 
of continuous functions; 


4we recall that strictly speaking the notation f14 makes sense if the domain of f contains 
A. If not, f is replaced by its extension to R¢*! with 0. 
5R, X Ry = R” x R® can be replaced by a bounded rectangle R; x Ro if A is bounded. 
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* if f is quasicontinuous on a bounded rectangle (a,b) x R C R@! ther|5] there exists a 
decresing sequence {O;,} of open sets in (a,b) x R, such that 2g.;(O;,) — 0, and a 
bounded sequence { f;,} of continuous functions, such that 


f(x, y) a Fix, y) if (x, y) ¢ Ox ’ 
f(x,y) = limgoo fk(x,y) x € [(a,b) x R]\N 


where JN is a null set. We recall, from Lemma that the section NV, is a null set in R 
a.e. x € (a,b) and Ny is a null set in (a,b) ae. y € R. 


Now we proceed with the following steps: 
Step 1) y > f(x,y) is a.e. quasicontinuous on (a,b). We fix xo ¢ Ny and we consider the 
function y + f(x, y). We have 
F(%o,y) = lim | fa(xo.y)  ae.yeR. 
The function y +» f;(xo,y) is continuous since f; (x,y) is continuous. Hence, its a.e. 
limit f (xo, y) is quasicontinuous. 


Step 2) the inner integral in the right hand side of the reduction formula is quasicontin- 
uous. In fact, 


[toner= [ [jim few] ay 
ane 


Lebesgue integral Lebesgue integral 


continuous function of x 


aw; om 


= lim fa(x,y) dy ae. on (a, b) 
R 


n—-+00 
ee” 
Riemann integral 
and the limit of a sequence of continuous function is quasicontinuous. 
Note that we use boundedness of the domain and of the sequence to exchange the limit 
and the Lebesgue integral. 


Step 3) the reduction formula holds under the stated boundedness assumptions. In fact, 


6as noted in Sect.[5.1.2} 
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boundedness of the domain and boundedness of the sequence imply 


i) Fay dey) = / 
(a,b) xR (a,b)xR 


lim fale) d(x, y) 


k—>+00 


Lebesgue integral Lebesgue integral 
b 
= lim Tk(x,y) d(x, y) = lim ii f feo dy| dx 
k—-+00 (a,b)xR k—+00 a R 
——— 
Riemann integral Riemann integral 


Riemann integral 


b b 
=) lim [how dy a= [ Jf (aim fetes) dy| dx 
a k—-+00 R ‘a R k—+00 


e—_5SE 
Riemann integral Lebesgue integral 
Lebesgue integral Lebesgue integral 


-[ [ toney dx 


nm@———~_-_——_ 


Lebesgue integral 


Lebesgue integral 


as wanted. 


Fubini Theorem under General Assumptions 


We still consider f > O but now it can be unbounded and it is summable on a rectangle 
which can be unbounded too. By definition 


iy fanaa) 
(a,b)xR 


is define in two steps: first we compute the integral on the bounded rectangle (a,, b,) x 
R, ¢ R4*! where 


d 
(a,,by) =(a,b)(-v,v), Ry =R () (ie »| 
k=1 


The function f can be unbounded on this domain and so first we consider the integral of 
Ae 
f™ (x.y) = min{ f(x,y), N}. 
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This way we reduce ourselves to the bounded case already studied and we proved the 
reduction formula 
by 


_ f(xy) d(x, y) =f fe FX (@Yy) ay| dx. 


The sequence { f } is increasing and a.e. convergent to f so that we can compute the 
limit for N — +00 and exchange the limit with the integrals (twice on the right hand side) 
thanks to Beppo Levi Theorem. We get 


by 
| f(x,y) d(x,y) = / 
(ay,b,)xRy ay 


Then we compute the limit for vy — +co. We note that the integrals in are the 
integrals on (a, b) x R (on the left side) and on R and on (a, b) (on the right side) of the 
function 


[ f(y) ay des (5.8) 


f(x,y) 1(a,,b,) xr, (%Y) (5.9) 


and the sequence { f(x, y)1(a,,5,)xr,(%,y)} is increasing and a.e. convergent to f. So 
we can use Beppo Levi Theorem again and finally get the reduction formula (5.2ah. 


Tonelli Theorem: the Proof 


The proof consists in the observation that under the assumption of Tonelli Theorem the 
function f is summable, hence the conditions of Fubini Theorem are satisfied. 


Due to the fact that f is nonnegative, it is sufficient to show that the integral on the left 


side of is not +00. 
We use (5.9). We see that 


b 
/ fos a / 
(a,b)xR Nt ha 


y—t+oo 


ff te a,.b0)0, (OY) dy| dx. 
R 


The right hand side is an increasing sequence of (N, v) which, under the assumption of 
Tonelli Theorem, is bounded so that 


r 


[ tones ay dx < +00, 


as wanted. 


Part Ul 


Recovering Lebesgue Measure 
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Chapter 6 


Borel and Lebesgue Measure 


On purpose, measure theory is not used in the Tonelli approach to Lebesgue integration. But, 
once the Lebesgue integral has been defined, the Lebesgue measure of sets can be recovered. 
This is the goal of this chapter. 


6.1 Open Sets and Lebesgue Measurable Sets 


The following result is well known and easily proved 
Theorem 173 Let K C Rand let f: R¢ 2 K +» R". The following properties are equivalent: 
1. the function f is continuous on K; 
2. the set f~'(A) is relatively open in K for every open set A C R™. 
3. the set f~'(C) is relatively closed in K for every closed set C C R™. 
Furthermore, when m = 1: 


¢ in order to check the properties in the statement |2|it is sufficient to consider the case that 
A is any open interval or even solely the case that A is any open half line, both (a, +00) 
and (-o9, b). 


¢ in order to check the properties in the statement|3]it is sufficient to consider the case that 
A is any closed interval or even solely the case that A is any closed half line, both [|a, +) 
and (—co, b]. 


This theorem shows a relation between the lattice structure of the sets and that of the functions. 
In fact, the following observation (which we used already) holds: if f and g are continuous then 


o(x) =max{f(x), g(x}. W(x) = min{ f(x), g(x)} 
are continuous. Continuity is easily seen from Theorem|I73]since 
{ {x : b(x) > a}={x: f(x) > a} U{x : g(x) > a} 
{x : (x) <a} ={x: f(x) <a} n{x: g(x) <a}, 


{ {x : W(x) > as ={x: f(x) >a} n{x: g(x) >a} 
{x : W(x) <a} ={x: f(x) <a} U{x: g(x) <a}. 
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and finite unions and intersections of open (or closed) sets are open (or closed) sets. 
Of course, ¢ and & are continuous if they are the maximum or the minimum of any finite set 
of functions. Instead, nothing can be said of the functions 


o(x) = sup{fr(x), 1 <n < +00}, w(x) =inf{fr(x), 1 <n < +00}. 
In fact, let 


if x=0 
otherwise . 


n|x| if |x| <1/n 


0 
fis) ={ 4 if |x| >1/n, fo)={ 


Then we have 
b(x) = sup{fn(x), 1 <n <+oo} = f(x), 
W(x) = inf {—fn(x), 1 <n < +00} =—f(x), 


both discontinuous. 

In contrast with this, we proved that guasicontinuity is preserved when computing both the 
supremum and the infimum of bounded sequences of functions (see Corollary150] and, when 
d=1, Corollary |87}. This observation suggest that we study the sets f~!(J) when J is an open 
interval and f is quasicontinuous. We define: 


Definition 174 LesesGUE MEASURABLE SETS are the sets A C R@ which have the following 
property: there exists a quasicontinuous function f: R¢ + R and an open interval J such that 


A=f (J). 
The family of the subsets of R¢ which are Lebesgue measurable is denoted £(R®) (or, 
simply, £). 
We note: 
Theorem 175 The following properties hold 
1. R¢ € £(R2) and 0 € £(R®) since 
R? = 154((0,2)), 0 = 1)4((3,4)). 


2. If N is anull set then 1n is quasicontinuous and N = 1 ((1/2,3/2)). So, any null set 
is Lebesgue measurable. 


3. The interval J in the definition of Lebesgue measurable sets can be fixed at will, for 
example J = (0,1) or J = (0, +00). 


Proof. The statements [I]and 2|are self explanatory. The statement|3] follows from the following 
facts: 


1. two intervals are homeomorphic: they are transformed the first over the second by a 
continuous and continuously invertible function g; 


2. the function x + g(f(x)) is quasicontinuous if and only if f is quasicontinuous and g 
is continuous, see the statement[4]of Theorem (and, when d = 1, the statement|4]of 


Theorem|4 1). 
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3. So, when g is continuous and with continuous inverse, the function f is quasicontinuous 
if and only if the composition x + g(f(x)) is quasicontinuous. # 


We consider a sequence {A,,} of Lebesgue measurable sets. From the property3of Theorem 
there exist quasicontinuous functions jf, such that 


An = i ((0, +00)) : 


Let 
O(x) = sup{fn(x), n> O}. 
The function ¢ is quasicontinuous (see Corollary}150). It is clear that 
¢-'((0,+00)) = |_) An. 
n2>1 


So we have 


Theorem 176 The union of a sequence of Lebesgue measurable sets is a Lebesgue measurable 
Set. 


A convenient characterization of Lebesgue measurable sets is in the next theorem: 
Theorem 177 The set A is Lebesgue measurable if and only if 1, is quasicontinuous. 
Proof. If 14 is quasicontinuous then A € £(R®) since 

A=1; ((1/2,3/2)). 


Conversely we prove that if A € £(R@) then 11, is quasicontinuous. Let f be a quasicontinuous 
function such that 
A= f~'((0,+00)). 


By replacing f(x) with max{0, f(x)} we can assume f > 0. 
We consider the functions 


f(x) 0 if f(x) =0 


n(x) = reOrain so that jim fn(x) = { 1 if f(x)>0. 


So, 
lim f, =1,. 
n—-+0o0 


The function f is quasicontinuous and so the functions f,, are quasicontinuous tod] 
Egorov-Severini Theorem shows that 1,4 is quasicontinuous. § 


The Assumption (in the case of functions of one variable, the Assumption|[54) implies: 


Corollary 178 Let f be defined on a set A. If the function is integrable then A is Lebesgue 
measurable. 


Isee Theorem|117| 
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We use A to denote the complement of A: 
A=R4\A 
and we note that 
1 g(x) =1- La(x) 
is quasicontinuous if and only if 1,4 is quasicontinuous. So we have: 
Theorem 179 The complement of every Lebesgue measurable set is Lebesgue measurable. 
We use the following formula which holds for every sequence of sets: 


(An = (Une14n) - 


n>1 
Let the set A, be measurable. Theorems and give: 


Theorem 180 The intersection of a sequence of Lebesgue measurable sets is a Lebesgue mea- 
surable set. 


We collect the properties already stated and few more which can be deduced from them and 

from the elementary properties of the operations among sets: 

Theorem 181 The family of sets £(R®) has the following properties: 

complement of sets: if A ¢ £(R%) then A € L(R®). 

union of sets: if A € £(R®%) and B € L£(R¢) then AUB € L£(R%) (since Laug(x) 
max{1,4(x), 1p(x)}). 

intersection of sets: if A € £(R7) and B € £(R®) then AN B € L(R®) (since Lang(x) 
min{ La(x), lp (x)}). 

difference of sets: if A € L£(R“) and B € L(R“) then A\ B € L(R®) (since layg(x) = 
max{0, 14(x) — 1p(~)}). 

symmetric difference of sets: if A, B €¢ £(R®%) then AAB € £(R®) (since AAB = (AU B) \ 
(AN B). 

sequences of sets: if A, € £(R%) then UnsjAn and Nn>1;An both belong to £(R“) (since 
lua, = sup{l,, } and 1,4, = inf{1,, }. See also Theorems and|180). 

furthermore we recall: R%, @ both belong to £(R®%) and null sets are Lebesgue measurable 
sets too (Theorem|175). 


Any subset of a null set is a null set too. So, the last statement of Theorem has the 
following consequence: 


Corollary 182 Any subset of a null set is Lebesgue measurable. 
We recall that an ALGEBRA is a ring with unity. The previous property show that £(R®) is 
an ALGEBRA OF SETS respect to the operations 
+=A, -=A 


(the unity is R¢) For this reason we say that £(R@) is an ALGEBRA OF SETS and, more precisely, we 
say that it is a o-ALGEBRA to indicate that it is closed under numerable unions (and intersections) 
of its elements, a fact that we prove in Theorem below. 


Remark 183 General or abstract study of measure theory can be found in many books. We refer 


the reader to [8] {13} (27/31) [36]. # 
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6.1.1 The Measure of Lebesgue Measurable Sets 


Let A € £(R7). The function 1,4 is quasicontinuous. We put By = {x : ||x|| < N} and we see 
that 


fro f La(x) dx = lim I a(x) dx. (6.1) 
A Rd N-+00 Bn 
The limit exists, either a number or +c0. So we define: 


Definition 184 Let A be Lebesgue measurable. We put 


a(ay= fras= ff tals) de € {0,400}. 


We call A(A) the LEBESGUE MEASURE OF THE (LEBESGUE MEASURABLE) SET A. 
In the contest of the Lebesgue measure, a function which is quasicontinuous is called a 
(LEBESGUE) MEASURABLE FUNCTION. 


From the known properties of the Lebesgue integral we get: 


Theorem 185 The following properties hold: 
1. for any Lebesgue measurable set A we have A(A) > 0. 
2. if O is an open set and 


O= Ss Rn (Ry pairwise almost disjoint closed rectangles) 


then we havéd2| 
A(O) = Yi ACRn)- 


n21 
3. monotonicity: A € B (both Lebesgue measurable) we have A(A) < A(B). 
4. additivity: if AN B = and both A and B are Lebesgue measurable then 


A(A U B) = A(A) + A(B). 
5. o-additivity: if {An} is a sequence of pairwise disjoint Lebesgue measurable sets then 
A(UAn) = >) A(An). 
6. let {A,} be Lebesgue measurable sets and let us assume 
An © Ans. 


Let A = Un>1An. We have: 
A(A) = lim A(An). 
n—-+0o 


i.e. the definition of the measure of an open set given here agree with that given in the 


definition [20]of Chap. 
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7. let {Ay} be Lebesgue measurable sets and let us assume: 


there exists a bounded rectangle R such that A, © R; 
Anti © An. 
Let A=Qn>1An. We have 
A(A) = lim A(Ay). 
n—+00 


Proof. The proof is obvious. Only the following observations can be useful. Property [2|is clear 
if the union is finite. Otherwise it follows from Beppo Levi Theorem since 


lo= jim )' lr, ae. x eR’ 


and the sequence 


is increasing. 
As regard to the properties|6]and{7| in both the cases we know A € £(R®) from Theorem|181| 
We consider the statement|6] The sequence of the functions 1,4, is increasing, 14, (x) = 0 for 
every x and for every x 
vim 14, () = La). 


Beppo Levi Theorem implies 


a(ay= [ 14(x) dx = lim / 1,4, (x) dx = lim A(A,). 
Rd n—+00 Rd n—+00 


We consider the statement|7] The sequence of the functions 1,4, is decreasing, 1,4, (x) > 0 
for every x and for every x 
lim la, (x) = La(x) ‘ 
n—+00 


Furthermore, the sequence {1,,,} is bounded on a bounded rectangle. So, from Theorem|92|we 
have 


A(A) a, La(x) dx = lim [ 1,4, (x) dx = lim A(A,). 
Rd n—-+00 Jpd n—-+00 
The proof is completed. t 
Remark 186 The boundedness assumption in the statement[7jis crucial. It can be slightly relaxed 
and we can assume that the sets A, are contained in a possibly unbounded set, provided that 


its measure is finite. But it cannot be completely removed as the following example shows: if 
An = [n, too) C R then NA, = O but A(A,,) = +00 for every n. I 


Now we observe that if A and B are Lebesgue measurable then A U B = A U (B \ A), the 
disjoint union of two Lebesgue measurable sets. Properties[3]and [4] of Theorem give: 
Corollary 187 Let A and B be Lebesgue measurable. We have 


A(A U B) = A(A) + A(B \ A) < A(A) + A(B). 
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Let us consider a bounded set A € £(R%). Its characteristic function is quasicontinuous. 
For every € > 0 there exists a multirectangle A, such that 
Jn, is open and L(A,) < € 
(La) pa\ m. 18 continuous . 
We denote 
Oz = Ih, . 


The set O, is open, A(O,) = L(Az) < € and the set A U Og is open. In fact, let x € AUOg. 
If x € A is not an interior point then x € OA and it is a point where 1, is discontinuous so that 
x € Og, hence it is an interior point of A UO,. 

Monotonicity of the measure and Corollary [187] gives 


A(A) < A(AUOg) < A(A) + A(Ozg) < A(A) +. 
—JSJ~ 


At the same conclusion we arrive when A is not bounded by considering the sequence of sets 
AN {x ||x|| <n}. So we have the following theorem: 


Theorem 188 Let A ¢ £(R%). We have: 
A(A) =inf{a(O), OD Aand open}. (6.2) 


The equality was already stated in Lemma[I36]when A is a multirectangle set (Theorem[21] 
in dimension 1). 

Translation invariance of the integral has a reformulation in terms of the measure. Let 
A € L£(R®) and let xp € R¢. We consider the translation of A: 


xptA={xt+x, xEA}. 
Then: 
Lx9+a(x) = L(x — x0) 


and we have 
a(A+x0)= ff dgeals) x= ff taGe—s0) de= fa) de = ACA), 
Rd Rd Rd 


This property is the TRANSLATION INVARIANCE of the Lebesgue measure. 


Remark 189 Any set function 
Ar I f(x) dx (6.3) 
A 


with f > 0 has the property listed in Theorem|I85]and can be considered a measure “weighted” 
by the function f, for example the quantity of material when f denotes a density. We note the 
existence of set functions with the properties in theorem [185] which cannot be represented as 
in (6.3). An example is the Dirac MEASURE 


L if OA 
wa) =| if O¢A. 


Any set function which enjoys the properties [if4]in Theorem [185]is a (POSITIVE) MEASURE and 
it is A O-ADDITIVE MEASURE when also property [5] holds. So, the Dirac measure is indeed a 
o-additive measure. 

The Dirac measure is not translation invariant. ll 
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6.1.2 Absolute Continuity of the Integral: the General Case 


We note: 


Theorem 190 Let f > 0 be quasicontinuous and let A be a measurable set. Let 
[roars f tacasfn ax=0. 
A Rd 


The function f is a.e. zero on A, i.e. L,f isa.e. zero on R¢. 


Proof. We proceed by contradiction and we prove that if f is positive on a set of positive measure 
then its integral is positive. Let 


A, ={x: f(x) >O}= [J Ann where Ay, ={x: f(x) > 1/n}. 


n>1 


If A(Ay) > 0 therj?|there exists m9 such that A(A4,n)) > 0. Monotonicity of the integral gives 
1 
ftorar> f fayar> Tay). 
A As.ng n0 


We recall that the integral of a function whose support is a null set is equal zero (property [3] 
of Theorem|125). We combine this fact with Theorem and we get the following result which 
justifies the term “null set”: 


Theorem 191 The set N is a null set if and only if A(N) = 0. 


A related and important result is a consequence of Theorem This result extends 
ABSOLUTE CONTINUITY OF THE INTEGRAL, already proved for open sets in Theorem (and in 
Theorem |91|when d = 1), to Lebesgue measurable sets A: 


Theorem 192 Let f be summable on R¢. For every & > 0 there exists 6 > 0 such that 
Ae £(R4), a(A)<6 = [iron dx <e. 
A 


Proof. Theorem states that for every e > 0 there exists 7 > O such that 


: O is open 
[elas <e if eee 


Let A € £(R%) satisfy 
A(A) < 6=0/2. 


Theorem shows the existence of an open set O such that 
ACO, A(O) <o 


so that 


fircoers [ircar<e. a 
3see statement|6of Theorem 
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6.2 Borel Sets and Lebesgue Sets 


We begun this chapter with Theorem|[I73}which shows the relations between continuous functions 
and open or closed sets. The family of open and closed sets is not an algebra of sets. In fact in 
general the difference of two (open or closed) sets is neither open nor closed. We can construct 
a o-algebra by taking any numerable union or intersection of open and closed sets. This way 
we obtain, among all the o-algebras of subsets of R¢, the smallest one which contains all the 
open sets and all the closed sets. This o-algebra is denoted B(R®) (or simply 8) and it is the 
o-algebra of the Bore sets. A Borel set is also called a BOREL MEASURABLE SET. 
It is clear that 
B(R4) C £(R4). 


because any open or closed set is Lebesgue measurable and & is the smallest o-algebra which 
contains open and closed sets. 
We observd4} 


{ f-MUAn) = Uf (An), _f '(MAn) = Of7'(An) 


A=f-(B) = A=f-'(B) (provided that dom f = R2). (6.4) 


We combine the equalities and Theorem We get: 
Theorem 193 Let f: R¢ + R” be continuous. If A € B(R™) then f-!(A) € B(R2). 


Even more: 


Theorem 194 We assume: 
1. Be B(R4); 
2. K is aclosed set of R"; 
3. f: Bts R"” is continuous. 


Under these conditions, the set 
f'\(K) ={xeB: f(x) € K} 
is a Borel set. 


Proof. We know from Theorem that f~'(K) is relatively closed in B, i.e. we know that 
f7'(K) = BOC where C is a closed set. The set BN C is the intersection of two Borel set, and 
itis a Borel set. § 


It is a fact, to be seen in Appendix|6.B] that there exists Lebesgue measurable sets which are 
not Borel sets, i.e. the inclusion 8B € L is strict. In spite of this, the two o-algebras B and L£ are 
closely related: 


Theorem 195 Let A ¢ £= L£(R®). there exist a null set N and a set B € B(R@) such that 


A=BUN. 


4we recall that ~ denotes the complement. 
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Proof. We can confine ourselves to prove the theorem in the case that A is bounded. 

The proof is by iteration. So, it is convenient to rename Ag the set A and 1p its characteristic 
function. The assumption is that Ag € £(R®) so that Ip is quasicontinuous on R¢@: there exists 
an open set O; such that 


A(O1) < 1, (Lo)j,a\o, 8 continuous . 


We have: 
Ao = (Ap \O1) UU (Ao MN O1) 


—_—S——S SS—*’~—_—_—7-———" 


=Boe8B =A,eL 
A(A1) $a(O}) <1 


Note that By € 8 from Theorem since 


Bo = (diene) (1) 


and (1) ladies is a continuous function defined on a closed, hence a Borel, set. 
REVO} 
We repeat this construction for the set A, buth with an open set O2 such that A(Q2) < 1/2: 
A, =(Ai\O2)U (Air N Oz) 
— =—~-V—_—” 
=B,€8 =A2eL 
A(A2) <A(O2)<1/2 
So we have 


Ao = Bo U By U (Ag N (O; NM O2)) ‘ 


eB =A2eL 
A(Az) <A(O2)<1/2 


We iterate and we get 


A= Ao =|(_) Be} (J (Ao (M2108) - 
k>1 = 
—S—_’ =NeL 
“6 A(N)=0 


The fact that N is a null set follows from Theorem since for every k we have 
N © Ox, Ox open and A(Ox) < 1/k for every k. 1 


In conclusion, any Lebesgue set is “almost” a Borel set: the difference is a null set. 

Of course, to every Borel set we can associate its Lebesgue measure: the restriction of the 
Lebesgue measure to 8 is the BoREL MEASURE. We note an important difference between the 
o--algebras of Lebesgue and Borel: the o-algebra of Lebesgue contains any subset of a null set 
(see Corollary [T82) while there exists null sets which are Borel sets and which contains subsets 
which do not belong to B. This is seen in Appendix|6.B] 

By definition, a o-additive measure is COMPLETE when every subset of a null setis measurable. 
So, £(R2) is complete while B(R@) is not. 
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6.2.1 Miultirectangle Sets and Lebesgue Measurable Sets 


In the table [4.0.1] of sect|4. I] we defined the multirectangle sets: a multirectangle set is a set Ja 
where A is almost disjoint. So, a multirectangle set is a Borel set, hence a Lebesgue set. Its 
measure can be computed as in (4.3a) and this formula extends to every Lebesgue measurable 
set, see (6.2). The interpretation is that a Lebesgue measurable set can be approximated from 
outside by open multirectangles. 

In the special case of the multirectangle sets: any multirectangle set can be approximate 
from inside by disjoint multirectangles. This is the interpretation of Remark [138] Theorem[I39] 
and formula (4.5). 

The goal of this section is to show the existence of Lebesgue measurable sets (even of Borel 
sets) which are not multirectangle sets and whose measure cannot be computed from inside by 
using formula not even we allow Aing to be composed by infinitely many rectangles. This 
goal is achieved by constructing an example in dimension |. The construction is similar to that 
of the standard Cantor set and we present the two constructions in parallel. Moreover, we shall 
see that the standard Cantor set is a null set which is not numerable. This observation confirms 
the statement in item|3|of Remark{I3} 

It is convenient to state first the following preliminary observations: 


1. Representation of the numbers of the interval [0, 1] in the base k. A number x € [0, 1] 
is represented by a sequence {c,} of nonnegative integers, where c,, are the numerators 
which appear in the equality 


n=1 


Any element x € [0,1] has a unique representation of this form unless x = c/k/ with j 
and c in N (and c < k/) at least for large enough j. In this case the number is represented 
by two sequences whose terms are (for large enough 


the sequence {con, ij and the stationary sequence {c(k — 1)}. 


In order to describe the sets we are going to construct, it is convenient to discard the 
first representation and to keep the second one. This way any element of [0,1] admits 
a unique representation. For example the number | is represented by the stationary 
sequence {k — 1} while the number zero is represented by the stationary sequence 0. 


2. Let k, k; and kz be fixed positive integers. We represent the elemets of [0, 1] in base 
k. Any open interval (a,b) € [0,1] contains infinitely many numbers of the form 
x = c/k” where c and n are positive integers and c # kj, c # kz. The reason is that 
c/k" —c/k"*! < (b—a)/2 if nis sufficiently large. 


Now we construct the two sets. The first one is the usual ternary Cantor set. The elements 
of this set are best represented if we choose 3 as the base. The second set is a modification of 
the Cantor set first constructed by K. Smith in and later by V. Volterra in (both these 
interesting papers are available on line). Correspondingly, we denote Kc and Ksy the two sets. 

We present the two constructions in the following tables. The left column is for the set Kc 
and the right one for Ksy. 

We proceed with the following steps: 


Shere 6n,; is the Kronecker delta: 6;,; = 1 and 6,,; =0 ifn # j. 
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The construction of Kc The construction of Ksy 
Step 0 
The numbers are represented in base | The numbers are represented in base 
3. The interval [0, 1] is divided in 3 | 8. The interval [0, 1] is divided in 8 
equal intervals. equal intervals. 
C, is the open middle interval of G1 fee Sher aang le a Ol 
[0, 1], of length 1/4 and we put D; = 
[0, 1] of length 1/3 and we put D; = 
[0, 1] \C, We have A(C;) = 1/4 and 
[0,1] \ Cy. We have A(C,) = 1/3 ; : 
: ; D, = [0,1] \ C; is the union of two 
Step 1 and Dj, is the union of two closed ; 
es closed intervals. 
The representation of the elements ee ee oh i ane 
of D, in base 3 is ©) d,/3", d, # 1. : cs ee ae 
{3, 4}. 
C2 is the union of the open middle | C2 is the union of the open middle 
intervals of diameter 1/32 of the two | intervals of diameter 1/4? of the two 
which compose D, and we put Dz = | which compose D and we put D2 = 
Step 2 D,\ Co (D2 is the union of 2? closed | D1 \ C2 (D2 is the union of 2? closed 
P intervals). We have A(Cz) = 2/37. | intervals). We have A(C2) = 2/4? 
The representation of the elements | The representation of the elements 
of D> in base 3 is ¥ d,/3”, d, #1 | of D2 in base 8 is >) d,/8", dn ¢ 
ifn <2. {3, 4} ifn < 2. 
C3 is the union of mie open middle in- Cy is the union of the open middle 
tervals of length 1/3° of those which | . 3 
intervals of length 1/4° of of those 
compose of D» and we put D3 = i = 
3,43 | Which compose D2 and we put D3 = 
Dy \.Cas We have ACs) = 23" | on \ Os, We haved (Cs):= 27/4 and 
Step 3 and D3 is the union of 2? closed in- 


tervals. 

The representation of the elements 
of D3 in base 3 is >) d,/3”", dn # 1 
ifn <3. 


D3 is the union of 23 closed intervals. 
The representation of the elements 
of D3 in base 8 is >) d,/8", dn ¢ 
{3, 4} ifn < 3. 
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Step j 


C; is the union of the open middle 
intervals of diameter 1/3/ of each 
one which compose of D ;_; and we 
put D; = Dj-; \ Cj. We have: 
A(C;) = 2471/34 and D; is the union 
of 2/ closed intervals. 

The representation of the elements 
of D; in base 3 is >) d,/3", dn # 1 
ifn <j. 


C; is the union of the open middle 
intervals of diameter 1/4/ of each 
one which compose of D ;_; and we 
put D; = Dj-; \ Cj. We have: 
A(C;) = 2471 /4/ and D; is the union 
of 2/ closed intervals. 

the representation of the elements 
of D; in base 8 is >) d,/8", dn ¢ 
{3, 4} ifn < j. 


We denote Cc, respectively Csy, the open sets UC, of the two constructions and 


Kc = [0,1] \Cc, Ksy = [0,1] \ Csv. 

These sets Cc, Csy, Kc and Ksy are Borel sets and Kc is the standard Cantor set. 

The set Kc is the set of those numbers of [0, 1] whose representation in the base 3 does not 
contains | while the elements of Ksy are characterized by the fact that their representation in 
base 8 does not contains neither 3 nor 4 (and are contained in [0, 1]). 

The sets Cc and Csy are numerable unions of non overlapping intervals, so that their measure 
can be computed by adding the measure of the single intervals. We have: 

A(Cc) = 1 


so that A(Kc) =0 


! i 
A(Csv) = x 80 that A(Ksy) = a. 


The set Ksy is not numerable since its measure is positive. Also Kc is not numerabld°} So, Kc 
is an example of a null set which is not numerable. 

Thanks to the statement |2| above, neither Kc nor Ksy contains nondegenerate intervals. 
In particular, the multiintervals A such that Ja © Ksy have the form A = {[gx,qx]} and 
L(A) = 0. Formula does not hold for the Borel set Ksy: in general, a Lebesgue (or Borel) 
measurable set cannot be approximated from inside—in the sense of the measure—by almost 
disjoint multirectangles (or, in dimension d = 1, by disjoint multiintervals). 

A result on the approximation of measurable sets from inside is Theorem|197]below. 


Remark 196 The statement in the Preliminary observation [2] implies also that Kc = 0Cc 
and Ksy = 0Csy. This last equality shows that the boundary of the open set Csy has positive 
measure. 

This observation explains also the error in Remark [55] the points of discontinuity of the 
function 19 in this remark are not only the points a, and b,. The function 19 is discontinuous 
on the boundary of the open set O and in general the boundary of an open set is not a null set. 


6a well known fact, easily seen thanks to the fact that any of its element is represented 
by a sequence {c,} with c, equal either to 0 or to 2. So, the function x = {cy} (c€,/2): 
Kc ® [0, 1], with the elements of [0, 1] represented in base 2, is surjective. 
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6.3 Littlewood’s Three Principles 


We recapitulate the three main properties we have seen: 


1. Theorem shows that any Lebesgue measurable set is “close’—from the point of 
view of the measure—to an open Set in the sense that Lebesgue measurable sets can be 
“approximated” (from outside) by open sets. 


2. Egorov-Severini Theorem asserts that any pointwise convergent sequence of quasicontin- 
uous (i.e. Lebesgue measurable) functions is “close” to being uniformly convergent. 


3. From the very beginning of our treatment, quasicontinuous functions are “close” to being 
continuous. 


These three informal statements are the “LirrLEwoop’s THREE PRINCIPLES”. It is useful to 
keep them in mind when working with Lebesgue integral. 

A recent analysis of the Littlewood’s three principles is in [26]. 

We noted that the usual route to the integral is the converse way around. First the class of 
Lebesgue measurable sets is defined and studied. The Lebesgue measurable functions are then 
defined as those functions with the property that f~!(/) is Lebesgue measurable for every open 
set CR. 

Finally the integral and its properties is studied. 

When going this way, the relation of Lebesgue measurable functions and continuous function 
has to be separately proved: it has to be proved that any Lebesgue measurable functions, defined 
in this way, is quasicontinuous. This statement is Lusin THEOREM first proved in [25]. 


6.4 Lebesgue Definition of Measurable Sets 


In order to conclude this presentation, we investigate whether Lebesgue measurable sets can be 
“approximated” not only from outside, as stated by Theorem [188] but also “from inside”. The 
response is positive and gives a characterization of Lebesgue measurable sets which is precisely 
the way measurable sets where originally defined by Lebesgue. 

We note that closed sets are measurable sets and now we prove that closed sets can be used 
to approximate a measurable set from inside: 


Theorem 197 Let A be a bounded Lebesgue measurable set. We have: 

A(A) = sup{a(K) , K compact subset of A} . (6.5) 
Proof. Monotonicity of the measure implies 

A(A) = sup{A(K) , K compact subset of A}. (6.6) 


We prove that the equality cannot be strict by finding a sequence {K,,} of compact subsets of A 
such that 
lim A(Ky,) = A(A). 
n—+00 


Let R be a bounded closed rectangle such that A C R. The set R \ A is measurable as the 
difference of two measurable sets and 


A(R) = A(R \ A) +A(A). (6.7) 


6.4. LEBESGUE DEFINITION OF MEASURABLE SETS 


155 


We use (6.2): there exists a sequence O,, of open sets such that 


R\ACOn, 


A(On) > A(R \ A). 


Note that K, = R \ O, C A and that K,, is a closed set. We have: 


R=O, J K, (disjoint union of measurable sets) 


so that 


A(R) = A(On) + A(Kn) - 


The limit for n — +00 gives 


A(R) = A(R\ A) + lim A(Kn). 


We compare with and we see 


A(A) = lim A(Kn) 
n—-+00 


as we wished to achieve. tf 


(6.8) 


This result on the “approximation from inside” does not have an intuitive appeal since Cantor 
set shows that closed sets have a complex structure. But, it suggests the following characterization 


of Lebesgue measurable sets: 


Theorem 198 Let A be a bounded subset of R¢, A C R where R is a bounded rectangle. The 


set A is Lebesgue measurable if and only if 


sup{A(K) , K compact subset of A} = inf{A(O) , 


O 2 Aand open}. (6.9) 


Proof. If A is Lebesgue measurable then the equality follows from and (6.5p. Con- 
versely, we prove that implies that 14 is quasicontinuous and so that A is Lebesgue 


measurable. 
We observe: 


Let {K,,} be a sequence of compact subsets of 
A such that 
jim A(K,) = sup{a(K) , 
<—+00 
K compact subset of A} 
By replacing K,, with Uy_,|K, we can assume 


that 
Ky c Kn+1 


and so 


1. the numerical sequence {A(K,,)} is in- 
creasing. 


2. the sequence of the characteristic func- 
tions {1x,,} is increasing. Hence the 
following limit exists for every x: 


F(x) = lim 1x, (x). 


Let {O,,} be a sequence of open sets which 
contain A and such that 
im A(O,) = inf{A(O) , 
+00 
O > Aand open}. 
By replacing O, with N”"_,O, we can assume 


that 
On+1 Cc On, 


and so: 


1. the numerical sequence {2(O,,)} is de- 
creasing. 


2. the sequence of the characteristic func- 
tions {10,} is decreasing. Hence the 
following limit exists for every x: 


g(x) = lim lo, (x). 
n—-+00 


156 CHAPTER 6. BOREL AND LEBESGUE MEASURE 


It is clear that 
f(x) < Lax) < g(x). 


Measurability of open and closed sets and Egorov-Severini Theorem imply that the functions 
f and g are quasicontinuous since they are the limit of sequences of quasicontinuous functions. 

Measurability of A follows since now we prove 1,4 = f = g ae. x € R, so that the 
characteristic function 1, is quasicontinuous too. 

We use Theorem[155]and we exchange the limit and the integral: 


slim, [(0,) = K)] = tim, f (10, @) = 1,09] a= f Tet = F09)] ae. 
But, 
‘lim [A(On) ~ A(K,)] =0 


so that the integral of the nonnegative function g — f is zero: 


fis — f(x)] dx =0 so that f(x) = g(x) ae. x € R (see Theorem|[190} 
R 


and 


L,(x) = f(x) = g(x) ae. x € R; i.e. 1, is quasicontinuous 
as we wanted. &l 


Now we can explain the original definition of the measure as given by Lebesgue in its thesis: 
in its essence, it is the characterization taken as a definition. Lebesgue proceeds with the 
following steps to define the measure of a bounded set E. We recast Lebesgue terminology in 
the form we have used up to now. In particular we note that Lebesgue prefers to consider as a 
basic “bricks” of its construction not the rectangles but the triangles. 


1. we fix any bounded rectangld7|R 2 E. A(R) is the standard “volume” (i.e. length, area, 
volume,. . . as we defined in the Chapt.s [I]and[3) of the rectangle. The number A(R) does 
not depend on the topological properties of R and so we can assume that R is closed. 


2. in this second step Lebesgue defines the EXTERIOR MEASURE Of the set E as follows 
m.(E) =inf {L(A), Aalmost disjointand EC Z,} 


By using the characterization of the open sets in Theorem}142| we can recast this definition 
as follows: 


m,-(E) =inf{m.(O), OopenandE CO} 
=inf{a(O), OopenandE CO}. (6.10) 


3. In the third step, the INTERIOR MEASURE is defined as follows: 


mj(E) = A(R) — me(E) 


7in fact, Lebesgue uses a triangle. 
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where E denotes the complement of E respect to R, 
E=R\E. 
We elaborate on this definition: 
m;(E) = A(R) —inf{A(O), O openand E Cc O} 
= A(R) +sup{—a(O), O openand E Cc O} 


= sup{a(R) — A(O), O openand E Cc O} 
= sup{a(R \ O), O openand E Cc O}. 


Note that K = R\ O C E is compact. So, this chain of equalities suggests putting? | 
A(K) = A(R \ K) = A(R) — A(BK) 
for every compact subset K of R. So, 
m,(E) =sup{A(K) Kcompactand K C E }. 


4. the final step is the definition of the (Lebesgue) measureble sets: the set E is measurable 
when m;(E) = me(E) and Lebesgue definition of the measure is 


A(E) = m;(E) = me(E). 


Sconsequence of the additivity of the measure, but in the process of the definition of the 
measure used by Lebesgue additivity of the measure is not yet proved at this stage, and this 
equality is taken as the definition of the measure of a compact set. 
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Appendix 


6.A A Set Which is not Lebesgue Measurable 


Vitali in 1905 constructed the following example of a subset E € (0, 1/2) which is not Lebesgue 
measurablq?| The example is in [43]. 
We introduce the following equivalence relation in R: 


x~y ifx-yeEeQ. 


We denote with Greek letters the equivalence classes: a = x + Q is an equivalent class. We write 
a, if we want to stress that a@ is the equivalence class which contains x. 
Note that 
a is anumerable set and R = U@ 


so that the family of the equivalence classes is not numerable. 
Let us fix any x € R. There exist numbers g € Q such that 


x+qe€(0,1/2) 


and then a, 9 (0, 1/2) # 0 for every x € R. So, every equivalence class intersects (0, 1/2). 
For every a we choose one element Xq € a (0, 1/2). The set E is the set of these elements 
Nas 
The set E is not numerable since {a} (the set of the equivalence classes) is not numerable. 
For every g € Q we denote E, the translation of E: 


Eg=E+q={x+q,x€E}. 


We note: 
1. if g, and q are different rational numbers then E,, N Ez, = @. In fact, if x € Eg, N Eg, 
then 
xX=yitqi=y2t+q, yi€E, yreE. 


This is not possible since the equality implies y; ~ y2 while different elements of E are 
taken from different equivalence classes; 


°even more: FE is not measurable respect to any o-additive measure which is translation 
invariant and such that the measure of a segment is its length. 
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2. we have 


R= LJ Ey (6.11) 
q<Q 
since every x € R belongs to its equivalence class ax, so it is of the form y + q with 
y €ay (0, 1/2). 
3. Equality shows that R is a numerable union of sets and so at least one of them 
either is not Lebesgue measurable or it is not a null set. 


Now we use translation invariance of the measure: If E € L£(IR) then we have also 
E, € £(R) and 
A(Eg) = A(E). 


It follows from (6.11) that E, if measurable, is not a null set since R is not a null set. 


The proof that E is not measurable consists in devising a different argument which shows 
that E, if measurable, must be a null set. The argument is as follows: We recall that E ¢ (0, 1/2) 
so that 

E+1/ne (0,2) YneN 


and we saw already that 


1 1 
E+ = E+—)=0 af : 
+ UI +] (ifn # m) 
So 
1 
LJ (e + -| ¢ (0,2) (the sets are pairwise disjoint) . 
n 


n>1 
We use monotonicity and o-additivity of the measure and we use again translation invariance. 
We find: 
k 
2> iy A(E + 1/n) = im DAE +1/n) = lim kA(E) => A(E)=0. 


n>1 n=1 
The contradiction shows that the set E is not Lebesgue measurable. 
Remark 199 Note a consequence of this example: the function which is | on the set E and 


—1 on its complement is not quasicontinuous, but its absolute value is constant, hence it is 
quasicontinuous. # 


Vitali construction of the set E uses the AXIOM OF THE CHOICE, 1.e. the fact that we can 
arbitrarily choose one element from each one of infinitely many sets. It is a fact that up to now 
an example of a non measurable set constructed without using this axiom is not known. 


6.B A Null Set Which is not Borel Measurable 


We prove the existence of Lebesgue measurable sets in R* which are not Borel set. 


1. let N C R’. If for every € > 0 there exists a sequence R,, of rectangles whose areas sum 
to a number less the e, then N is a null set. 
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2. Borel sets of R? are countable unions and intersections of open or closed sets. 


3. if B C R? isa Borel set and if f: R + R? is continuous then f~!(B) is a Borel set of R 


(see Theorem|193). 


We use these observations and we prove the existence of subsets af R* which are Lebesgue 
but not Borel measurable. More precisely we show a set N C R? which is not Borel measurable 
but such that A(N) = 0. 

Let E C Rbea set which is not Lebesgue measurable, for example the Vitali set constructed 


in Appendix |6.A] Let fect — 
G={(x,0), xe E} CR’. 


The set G is a null set in R2, hence it is Lebesgue measurable, but it is not Borel measurable. In 
fact, the function 
xt» f(x) =(x,0), Ri! nH R 


is continuous. Hence, if G € B(R*) then f-'(G) € B(R) C L(R) while f-'(G) = E ¢ L(R). 


Remark 200 We note the following consequences of this example: 


1. the set {(x,0), x € R} € B(R’) and it is a null set. It contains the set G ¢ B(R*) So, 
B(R*) is not a complete o--algebra. 


2. the function f is continuous and G is Lebesgue measurable. But, f~!(G) is not Lebesgue 
measurable. The inverse image of a Lebesgue measurable set under continuous function 
(and, a fortiori, under Lebesgue measurable functions) in general is not Lebesgue measur- 
able. A consequence is that in general the composition of Lebesgue measurable functions 
is not Lebesgue measurable. 


3. In a similar way it is possible to construct examples in any dimension d > 2. The 
previous arguments cannot be adapted when d = 1. Nevertheless, examples exists also in 
dimension 1. We refer to [1| p. 56]. 
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